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Geometric Science
of Information: GSI

GSI’'13
Mines ParisTech

GSI’'15
Ecole Polytechnique



https://www.see.asso.fr/gsi2013
https://www.youtube.com/channel/UC5HHo1jbQXusNQzU1iekaGA
https://www.youtube.com/channel/UC5HHo1jbQXusNQzU1iekaGA
http://forum.cs-dc.org/category/90/gsi2015
http://forum.cs-dc.org/category/90/gsi2015
http://forum.cs-dc.org/category/90/gsi2015

GSI'17: Ecole des Mines de Paris
150 attendees from 38 countries
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https://www.youtube.com/channel/UCnE9-LbfFRqtaes49cN2DVg/videos
https://www.youtube.com/channel/UCnE9-LbfFRqtaes49cN2DVg/videos
https://www.youtube.com/channel/UCnE9-LbfFRqtaes49cN2DVg/videos
https://www.youtube.com/channel/UCnE9-LbfFRqtaes49cN2DVg/videos
http://www.gsi2017/

GSI SPRINGER PROCEEDINGS
LECTURE NOTES IN COMPUTER SCIENCE

whole orin
hts reserved.

Frank Niclsen
Frédéric Barbaresco (Eds.)

© Geometric Science
= of Information
> Geometric Science It mtermaionl Comtrence G5 2017
= 3 = of Information ——
- Geometric Science Second otrnatonst conterence 31 301

of Information it

First International Conference, GSI 2013
Paris, France, August 2013

THALES


http://www.springer.com/us/book/9783642400193
http://www.springer.com/us/book/9783642400193
http://www.springer.com/la/book/9783319250397
http://www.springer.com/la/book/9783319250397
http://www.springer.com/cn/book/9783319684444
http://www.springer.com/cn/book/9783319684444

GSI'17: Ecole des Mines de Paris
19 sessions

3 » Computational Information Geometry

» Geometrical Structures of Thermodynamics

- » Geometry of Tensor-Valued Data

* Probability on Riemannian Manifolds

* Information Structure in Neuroscience

» Geometric Mechanics & Robotics
 Optimization on Manifold

* Geometric Robotics & Tracking

* Probability Density Estimation

* Applications of Distance Geometry

« Statistics on non-linear data

» Shape Space

* Divergence Geometry

» Geodesic Methods with Constraints

» Optimal Transport & Applications

* Monotone Embedding in Information Geometry
* Non-parametric Information Geometry

» Optimal Transport & Applications

« Statistical Manifold & Hessian Information Geometry
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Last Publications on
Geometric Science of Information

See More on UNESCO UNITWIN website GSI « Geometric Science of Information »

7 http://forum.cs-dc.org/topic/369/geometric-science-of-information-presentation-organisation-subscription
1 - entropy .
; u m?Mn.emmm
E Differential
1 Geometrical
] Theory
] of Statistics
Information (in Chinese)
5% Geometry bt el e} (with reference to
82 Computational Souriau work)
¥ S Information Translation by
= = Geomelny SPRINGER in
85 == OE= 2018
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CIRM Seminar, August 2017
TGSI'17 « Topological & Geometrical Structures of Information »

pecial Issue "Topological and
eometrical Structure of
nformation”, Selected Papers from
IRM conferences 2017"

z entropy
an open access journal by ﬁb\ﬁu



https://www.youtube.com/watch?v=VXxiMCn-tsE&feature=youtu.be
https://www.youtube.com/watch?v=VXxiMCn-tsE&feature=youtu.be
https://www.youtube.com/watch?v=VXxiMCn-tsE&feature=youtu.be
https://www.youtube.com/watch?v=VXxiMCn-tsE&feature=youtu.be

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin
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Max Planck Institut fur Mathematik
9th GSO-2018 - Information Geometry & Statistical Physics

©Thales 2015 All rights reserved.
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The Ninth International Conference on Guided Self-Organisation (GSO-2018) :
Information Geometry and Statistical Physics

—— https://www.mis.mpg.de/calendar/conferences/2018/gso18.html

Max Planck Institute for Mathematics in the Sciences

The goal of Guided Self-Organization (GSQ) is to leverage the strengths of self-organization (i.e.. its simplicity,
parallelization, adaptability, robustness, scalability) while still being able to direct the outcome of the
self-organizing process. GSO typically has the following features:

(i} An increase in organization (i e_, structure and/or functionality) over fime;
(i} Local interactions that are not explicitly guided by any external agent;
(i} Task-independent objectives that are combined with task-dependent constraints.

(GS0-2018 is the 9th conference in a bi-annual series on GSO. Recent research is starting to indicate that
information geometry, nonequilibrium statistical physics in general, and the thermodynamics of
computation in particular, all play a key role in GSO. Accordingly, a particular focus of this conference will be
the interplay of those three fopics as revealed by their relationship with GSO.

OPEN T I I
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€Riropy From Physics to Information Sciences and Geometry

2: 18 14-16 May 2018, Barcelona, Spain

kp Tr(pln ”)

/ enitropy

From Physics to Information Sciences and Geometry

Barcelona, Spain

The main topics and sessions of the conference cover:

*  Physics: classical Thermodynamics and Quantum Abstract Submission: 23 Feb. 2018
+ Statistical physics and Bayesian computation

+ Geometrical science of information, topology and metrics

*+ Maximum entropy principle and inference

+ Kullback and Bayes or information theory and Bayesian inference

« Entropy in action (applications)

The inter-disciplinary nature of contributions from both theoretical and applied perspectives are
very welcome, including papers addressing conceptual and methodological developments, as
well as new applications of entropy and information theory.

THALES



I FGSI'19: Foundation of Geometric Structure of Information
Dedicated to Koszul and Souriau Works

3 50th birthday of Souriau Book: « Structures des systémes dynamiques »

SPRINGER translation of Koszul Lecture at Beijing « Introduction to Symplectic Geometry »

FGSI'19 in Montpellier

FOUNDATION OF GEOMETRIC STRUCTURE OF INFORMATION
TRIUMVIRATE ELIE CARTAN. JEAN-LOUIS KOSZUL & JEAN-MARIE SOURIAU

x \
INSTITUT MONTPELLIERAIN \

ALEXANDER GROTHENDIECK ; _<_
-

Montpellier University : https:/www.voutube.com/watch?time_continue=197&v=39nPoTyEXrg

GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S



I Orbituary: Talk dedicated to Jean-Louis Koszul (1921-2018)

| Jean-Louis Koszul passed away Friday January 12" 2018
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; Jean-Louis Koszul

« Henri Cartan’s PhD student

«  Member of Bourbaki

« Strasbourg University and
Institut Joseph Fourier
(Grenoble)

« Creator of CIRM in Luminy
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Information Geomeiry Motivation: Yann Ollivier’s works
Natural Gradient & Natural Langevin Dynamics
4

. GSI'17 Best paper Winners are:
= Yann Ollivier (FACEBOOK IA Lab, Paris) &
Gaétan Marceau-Caron (MILA Lab, Montreal)

Natural Langevin Dynamics for Neural Networks

Caétan Marceau-Caron'™) and Yann Ollivier2(®)

! MILA, Université de Montréal, Montréal, Canada
gaetan.marceau.caron@umontreal.ca

2 ONRS, Univers;té Parisﬁ:.mllay._ Paris, France The resu |ng ngfurcﬂ La ngevin
tact = . o .
Preconditioned St;:lh:stii:q;‘i:;ioicgmqe in Dynamics Gy S\ O S — 0
iti i i aevin Dy i ) -
Amari's natural gradient descent

(3)) n \/5(-11/2;\.-’(0 Id) and Fisher-preconditioned Langevin
N

. _ 1
0 —0—nCEq )ep e (E‘g(y;r) N In o )
N dynamics for large neural networks

Natural Langevin Dynamics (use of Fisher Matrix as in
Natural Gradient from Information Geometry)

e T . .
O = B0 Byt |G ie) Go 1| Yann Ollivier

ca
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I Information Geometry Natural Gradient & its Dual Entropic Gradient

] Natural Gradient

ACA
o0

o0 (Natural gradient: M(#) = Fisher information matrix.)
; ] Dual Entropic Gradient (Mirror Descent, Balian Gradient)
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I Information Geometry Natural Gradient & its Dual Entropic Gradient

s || Dual Entropic Gradient

_ 1
O;11 = arg wiin {((—) V fe(0y)) + Q—Bg(é}, Qt)}
t

g(Oi11) = g(6:) — 4V fi(0:)]  Natural Gradient
n=g0@)=VG 0 = h(n) = VH(n)
55 Nt+1 = Nt — @tvﬁft(h(m))

V., fi(h(n) = V,h(n)Vaf:(h(n))

Vofe(h(n)) = [V?;h(?}'t)]_lvnft(h(’?}'t))

g3 9 1 Dual Entropic Gradient
\ L == addVH Q)L Vi fuhm))] - H: shangon Entrony




Yann Ollivier’'s TANGO for Best in Class Deep Learning Algorithm
TANGO (True Asymptotic Natural Gradient Optimization)

e’ I TANGO qlgor"‘hm DerFINITION 1 (TANGO). Let 8t < 1 be a sequence of learning rates

Abstract and let v > 0. Set vg = 0. [terate the following:

‘We introduce a simple algorithm, True Asymptotic Natural Gradi-
ent Optimization (TANGO), that converges to a true natural gradient
descent in the limit of small learning rates, without explicit Fisher
matrix estimation.

For quadratic models the algorithm is also an instance of averaged
stochastic gradient, where the parameter is a moving average of a
“fast”, constant-rate gradient descent. TANGO appears as a partic-
ular de-linearization of averaged SGD, and is sometimes quite different
on non-quadratic models. This further connects averaged SGD and
natural gradient, both of which are arguably optimal asymptotically.

In large dimension, small learning rates will be required to approx-
imate the natural gradient well. Still, this shows it is possible to get
arbitrarily close to exact natural gradient descent with a lightweight
algorithm.

e Select a sample (z,yr) at random in the dataset D.

e Generate a pseudo-sample 3, for input xj, according to the predictions
of the current model, §. ~ pg(ir|zy) (or just §i = yp for the “outer
product” variant). Compute gradients

5”3 (yi|xr) . O (x| x.)

e Update the velocity and parameter via

v = (1= dtp_1)ve—1 + v — (1 — tr_1)(vi_1 Gr)Tn (3)

" omst o6"
0;, = (1 — &k)gk 1+ 5tk9fa5t (9] dgt —1 3€(y|:c)
dt - J(g ) E(T T,I}ED agt
where &, is some centered random variable whose law depends on 2% and '

Oy_1. The identification with TANGO is via vy = f_; — 655, THALES

g - - - O, = 01 — Otgy 4
£2 | PROPOSITION 2. Assume that for each sample (z,y), the log-loss £(y|x) is oot e @
g; a quzuf?unc fzmcmml of whosg Hessian does not depend on y (e.g.. linear f‘(y ;17) -— _In Pe(yli“-)

02 | regression l(y|lr) = 5 |ly — 07x|%) @2
éi Then TANGO is identical to the following trajectorv averaging algo- J(Q] Ew-‘r E E. ) (9?.(1{".1?)
°% | rithm: (z:y)€D=g~po (7]z) 0o
Ot(u )

Oy |z t+6t __ gt t\—1Y\Yk Lk )
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I Jean-Louis Koszul & Yann Ollivier

| R,

" Koszul @ Bourbaki Ollivier @ ENS

Kordue

Koszul @ ENS UIm 1940

s THALES



This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -

©Thales 2015 All rights reserved.

Fisher Metric by Misha Gromov (IHES, Abel Price)

(M. Gromov was Yann Ollivier PhD superwsor with Pierre Pansu)

I M. Gromov, In a Search for a Structure, Part 1: On
Entropy. July 6, 2012

> http://www.ihes.fr/~gromov/PDF/structre-serch-entropy-
july5-2012.pdf

Gromov Six Lectures on Probability, Symmetry,
Linearity. October 2014, Jussieu, November éth , 2014

» Lecture Slides & video:

http://www.ihes.fr/~gromov/PDF/probability-huge-Lecture-
Nov-2014.pdf

https://www.youtube.com/watch2v=hb4D8yMdov4

| Gromov Four Lectures on Mathematical Structures
arising from Genetics and Molecular Biology, IHES,
October 2013

https://www.youtube.com/watch2v=v7QuYuoyLQc&t=5935s
(at time 01Th35min)

1

~O
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Geometric Deep Learning

Website: http://geometricdeeplearning.com/

GEOMETRIC DEEP LEARNING ABOUT WORKSHOPS TUTORIALS PAPERS & CODE CONTACTS

GEOMETRIC DEEP LEARNING

Geometric Deep Learning is one of the most emerging fields of the Machine Learning community. This

website represents a collection of materials of ti

THALES


http://geometricdeeplearning.com/
http://geometricdeeplearning.com/
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|What to remember of my talk
in 4 slides
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This presentation is a synthesis of 4 avant-gardistes works on
Geometric structures of Information (& Statistical Physics)

- ©Thales 2015 All rights reserved.

Jean-Louis Koszul Jean-Marie Souriau Mauvurice Fréchet

Fundation of Hessian Structures Fundation of Quantum Fundation of Structures of Lie Group Fundation of Structures for probability
Of Information Geometry Information Geomeiry Thermodynamics and Statistical Geometric extension in metric spaces and

(Koszul-Vinberg Characteristic Structures Mechanics (geometric temperature and Fréchet Bound (Clairaut-Legendre
function, Koszul 2-form) (Fisher-Balian Quantum Metric) entropy, Fisher-Souriau metric) equation of Infformation Geometry)

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales
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I Projective Legendre Duality and Koszul Characteristic Function

\\

L | INFORMATION GEOMETRY METRI(T

' =

1 9" =d>¥" =d®S = g=-d’log® =d>¥

y way. hol
© Thales 2015 All rights reserve

dified, adapted, published, translated, in any way, in whole orin

LEGENDRE TRANSFORM FOURIER/LAPLACE TRANSFORM
W) = (XN —w()  P)=—log ®(x) =—log [e"*"dy
W =—[ p,(&)log p,(£)dE

p (&) = e_<5’x> / Ie_<éx>df :e—(x,é>+<p(x)
2

>
S
© 9
€S
2= *
3 e X = |g.pPx(5)ds
£8 X
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I Souriau Model of Lie Group Thermodynamics

TEMPERATURE ‘ HEAT

ﬁ In Lie Algebra In Dual Lie Algebra

éﬁ Gibbs canonical Q* g;F

é% ensemble

Ady (B) Ad;(Q)+6(g)

S~ X,

g;é gﬁ([ﬂ’zl]’[ﬂ’z2]):(:jﬂ(zl’[ﬂ’ZZ])Zo S(Q)=<,3,Q>—q)(ﬁ)

co ~(AU©)

o 0*log [e""*Pdz ENTROPY IS INVARIANT
9 M . ° e

EU 1(B) = |(Ad (ﬂ)) e e . (Could be is defintion)

L F CHARACTERISIC FUNCTION ENTROPY
SRR 0 OF CHARACTERSSIC FUNCTION Jll ENTROPY .....LES



I Lie Group Action on Symplectic Manifold
G

*

Q" =Q(Ad, (8))= Ad: (Q)+6(g)
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ISEMINAL STRUCTURE:

DUAL POTENTIAL FUNCTIONS
(characteristic function &
Entropy) LINKED BY LEGENDRE
TRANSFORM

CONTRIBUTION OF “CORPS
DES MINES” (Massieu,
Poincaré, Levy, Balian)

www.thalesgroup.com



I Seminal Work of Franc¢ois Jacques Dominique Massieu

n

<3 | Before infroducing, Information Geometry with Koszul model, we have to explain the
history of « caracteristic function » that was initially infroduced in Thermodynamics by
(Corps des Mines Engineer ) Francgois Jacques Dominique Massieu. See:

» Roger Balian paper from French Academy of Sciences « Frangois Massieu et les potentiels
thermodynamiques » Ay

©Thales 2015 All rights reserved

http://www.academie-sciences.fr/pdf/hse/evol Balian2.pdf

» Annale de I'Ecole des Mines: http://www.annales.org/archives/x/massieu.html

1t PhD on « sur les intégrales algébriques (algebraic integrals) » :

» Pour gqu'ily ait une intégrale du premier degré dans le mouvement d'un point sur une surface, il
faut et il suffit que cette surface soit développable sur une surface de révolution

> Pour gu'ily ait une intégrale du second degré dans le mouvement d'un point sur une surface, |l
faut et il suffit que cette surface ait son élément linéaire réductible d la forme de Liouville

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole or

part or disclosed to a third party without the prior written consent of Thales -
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http://www.annales.org/archives/x/massieu.html

Development of « Characteristic Function » Concept
by Corps des Mines: Massieu, Poincaré, Levy & Balian

| 1869: Frangois Massieu S=¢ _i 09 =¢— U (Tr.Legendre)
£ > Infroduction of Characteristic Functionin To %
Thermodynamics S :Entropy, ¢ :Characteristic Function

i > Use of Massieu Idea by Gibbs and Duhem to

define Thermodynamics Potentials « Je montre, dans ce memoire, que toutes les

proprietés d'un corps peuvent se deduire

| 1908-1912: Henri Poincaré (+ Paul Levy) d’une fonction unique, que j'appelle la
fonction caractéristique de ce corps »

Poincaré infroduces Characteristic Functionin  F. Massieu
his 1908 Lecture on « Thermodynamics » ¢ =logy

Poincaré introduces Characteristic Function in his | . - - . -
1912 Lecture on « Probability » ¢ . characteristic function (from Massieu)

Paul Levy generalizes the Chracteristic function ¥ :characteristicfunction (from Poincaré)
in Probabilit 2 A Y
v s(D)=F(x)-(D,x)

%: | 1986: Roger Balian . .
F(X ): logTr exp(X)
2 Balian infroduces the Fisher Quantum Metric as

hessian of von Neumann Entropy — ds® = —d*S :Tr[d[Sd log [3] LES
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I Francois Massieu: Seminal Idea of Characteristic Function

| Main papers of Frangois Massieu
» Massieu, F. Sur les Fonctions caractéristiques des divers fluides. Comptes Rendus
de I'Académie des Sciences 1869, 69, 858-862.

> Massieu, F. Addition au précédent Mémoire sur les Fonctions caractéristiques.
Comptes Rendus de I'Académie des Sciences 1869, 69, 1057-1061.

> Massieu, F. Exposé des principes fondamentaux de la théorie mécanique de la
chaleur (note destinée a servir d'infroduction au Mémoire de I'auteur sur les
fonctions caractéristiques des divers fluides et la théorie des vapeurs), 31 p., S.I. -
s.n., 1873

> Massieu, F. Thermodynamique: Mémoire sur les Fonctions Caractéristiques des
Divers Fluides et sur la Théorie des Vapeurs; Académie des Sciences: Paris,
France, 1876; p. 92.

y W r
2015 All right:

o
(0]
9]
c

o
9]

<

=
S
9]
a
c

adapted, published, tra

d
prior written co

ed to a third party without the

29 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S



This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -

Francois Jacques Dominique Massieu : Initial paper on
« Characteristic Function » in Rennes

©Thales 2015 All rights reserved

B

| Paper of Frangois Massieu

MEMOIRES
PRESENTES PAR DIVERS SAVANTS
A I2PACADEMIE DES SCIENCES
DE L’INSTITUT NATIONAL DE FRANCE.

TOME XXII. — N° 2.

THERMODYNAMIQUE.

MEMOIRE

sun

LES FONCTIONS CARACTERISTIQUES DES DIVERS FLUIDES

ET SUR LA THEORIE DES VAPEURS,

PAR F. MASSIEU,

INGENIEUR DES MINES, PROFESSEUR A LA FACULTE DES SCIENCES DE HKEN\ES.
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1 04

S=¢——.
T o %
S : Entropy, ¢:Characteritic Function

MEMOIRES PRESENTES.

=¢— U (Tr.Legendre)

THERNMODY N AMMQUE, tdditeon au précédent Mcémaoire sur les fonctions

caractéristiques. Note de M. F. Massiee, presentée par M. Combes.

» Cette conclusion résultait & posteriors de la théorie méme; mais j'ai re-
connu quil était possible de 'établir de prime abord par un procédé qui
a 'avantage de conduire plus simplement & la connaissance de la fonction
caracténistique et de mootrer la liaison de cette fonction avec dautres
fonctions déja introduites dans la science, savoir : l'cotropie S et I'énergie
ou chaleur interne U, Je rappellerai dailleurs qu'une fois la fonction carac-
térstique d'un corps déterminde, la théore thermodynamique de ce corps

est Late,

=S — =

il saftit de connaitre -||n’||r\ sont

Or, pour avoir Set Il = par sunte o,

les quantites « lmentaires de chalear dOQ qu'il Gt fournir an corps suivant

un cycle nlllrlc-lllvluu v pour le Lare passer d'un état imtial & un éat déter-

miné, et en outre Naccroissement U de sa chaleur interne pour les dullé-

rents élements de ce cyvcle, ou de tout autre cycle, reliant le meme €tat o=

tial au méme “at inal

THALES



I Bad advice of Prof. Joseph Louis Francgois Berirand to Prof. Massieu

n

.| Infollowing publictions, Frangois Massieu paper is £
reviewed by Joseph Louis Frangois Bertrand, who give =

him a bad advice to replave variable 1/T by the

variable T. If equations seem simpler, Structure

Joseph Louis

support by Legendre transform is broken. Francois Berirand

‘" Dans le mémoire dont un extrait est inséré aux Comptes rendus de U Académie
des sciences du 18 octobre 1869, ainsi que dans la Note additionnelle insérée le

- 'l P r - - - H ] l]
22 novembre suivant, javais adopté pour fonction caractéristique 55> ou S — =3

c’'est d'aprés les bons conseils de M. Bertrand que j'y ai substilué la fonction H.
dont 'emploi réalise quelques simplifications dans les formules.

| Characteristic Funcion of Massieu and its good |
parameterization were discovered again by Max |
Planck (1897) and developed by Herbert Callen %
(1960) and Roger Balian.

N < & .:"_;‘.7 )
b i
W i
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Henri Poincaré Re-Use for Thermodynamics and Probability

©Thales 2015 All rights reserved.

COURS DE LA FACULTE DES SCIENCES DE PARIS

COURS DE PHYSIQUE MATHEMATIOUE

THERMODYNAMIQUE

H. POINCARE,

TR

wEBAGTION W

J. BLONDIN,

[ —

DEUXIEME EDITION, REVUE ET CORRIGER

&

PARIS,

GAUTHIER-VILLARS, IMPRIMEUR-LIENATRE
DU BLRELU DES LONGITUBES, BE L OLYTRCHNIQUE,
Quni s Granda - Augustin, 55

art or disclosed to a third party without the prior written consent of Thales -

Iiz GDR ISIS

COURS DR LA FACULTR DES SCIENGES Bl FANIS

\ CALCUL
\ -

AROBABILITES

. POINCARE

lassiques et généralisées — 24 Mai 2017

425. Fonctions :caractéristiqunes de M. Massieu. — Le
théoréme de.Clausius nous a conduit & 'introduction d’une
nouvelle fonction de 1'état d'un systéme : son entropie S.

8i donc nous premons comme variables indépendantes
définissant I’état du systéme la pression p et le volume spé-
cifique v, nous aurons 4 considérer, dans les applications,
trois fonctions de ces variables : la température T, 'énergie
interne U et I’entropie S.

M. Massieu a montré que, si ’on fait choix pour variables
indépendantes de ¢ et de T ou de p et de T, il existe une
fonction, d’ailleurs inconnue, de laquelle les trois fonctions
des variables, p, U et 8 dans le premier cas, v, U et S dans
le second, peuvent se déduire facilement. M. Massieu a
donné & cette fonction, dont la forme dépend du choix des

variables, le nom de|fonction caractéristique. |

Puisque des fonctions de M. Massieu on peut déduire les
autres fonctions des variables, toutes les équations de la
Thermodynamigue pourront s’écrire de maniére a ne plus
renfermer que ces fonctions et leurs dérivées; il en résul-
tera donc, dans certains cas, une grande simplification. Nous
verrons bientdl une application importante de ces fone-
tions.

THALES
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I Characteristic Function in Probability

Henri Poincaré infroduced « characteristic function » i
probability in his Lecture of1912 (inspired by Massieu;
both related by logarithm)

It is infroduced with Laplace Transform

Characteristic function of a real random variable
defines completly its density of probability .

Moments of the random variable could be deduced
from successive derivatives at zero of the caracteristic
function.

The 2" characteristic function is given by the
logarithm,: generating function of cumulants.

Cumulants have been intfroduced in 1889 by danish
astronome, mathematician and actuaire Thorvald
Nicolai Thiele (1838 - 19210). Thiele called them half-
invariants (demi-invariants).

OPEN

Henri Poincaré Introduction of Characteristic Function in Probability

Fonctions caractdristiques. Jappelle fonction caracté-

ristéique f () la valeur probable de ¢**; on aura done

flx) =X por,

si la quantité w varie d'une maniére discontinue et peut

prendre sealement un nombre (Ini de valeurs, ot

J(=x) .J‘?(:r\r"*:l.c,

st @ varie d'une manidére continue el si ¢ (v) représente la

loi de probabilité, I est elair que

ot
f(ar),--nw——:{]«(.r)»f ;‘l—:l;l“‘)rk (2®) 4+o.eq

1.a.3
(xr) désignant la valeur probable de wf. On voit que
J(o)=1.

La fonction caractéristique sufflict pour définir la loi de
probabilité. On a en effet par la formule de Fourier

- -

sy = [

() ofax dax,

Jlix)e="** dua.

anY(o) = /..

Si denx quantités = et v sont {adépendantes ev si f(x),
Sy () sont les fonclions caractéristiques correspondantes,
la fonction relative & @ 4 y sera le produit /' (=) /, (=). En
effet, comme nous I'nvons vu au paragraphe 130, la valeur

probable du produit e* =% sera le produit des valeurs pro-

bables de e** gL %>,
THALES



I Quantum Information Geomeiry of Roger Balian (1/3)

N | TrIL OJ mean values through two dual spaces of observables O and
of the stdtes D

ny way, in whole

| S = _Tr{D Iog( D)] Entropy in space of states

. | Entropy S cold be written as a scalar product S = é D.lo (D
where log( D) is an element of space of observableés, allowm
physical geometrical structure in these spaces.

ntof Thales - © Tha \ 20 5 All rights reserv

- | The 2 differential d*S is a non- negative quadratic form of coordinates
of D induced by the concavity of the Von Neumann Entropy S .
Roger Balian has infroduced distance dS btween state D and its

neiborhood D+dD :  (4s2 — _(28 —Tr\_dD d log D]

| Where the Riemannian metric tensor is — S(D) as function of a set of

independant coordinates of D
|_4 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 o T H A L E S
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I Quantum Information Geomeiry of Roger Balian (2/3)

.|| tis possible tq infroduce the logarithm of a quantum characteristic

function F(X) : . .
F(X)=logTrexp X

n any way, in whole orin

| Von Neumann Entropy S appears as Legendre transorm of F(X)

S(D) = F(X)-(D,X)

ntof Thales - © Thales 2015 All rights reserve

I with S(D)=-TrDlog D = <I5 log I5>

| Where X and D are conjugate variable of the Legendre fyansform,
making appear the algebraic/geometric duality between D and Iog D.

rty without the prior writte

| F (X) characterizes canonical Thermodynamical equilibrium states with

= ,B.H and where hamiltonianis H

This document may not be reproduced, modified, ada pT d p ublished, franslated, i

part or disclosed to a third pa
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I Quantum Information Geomeitry of Roger Balian (3/3)

-1 dF = TrDdX with Maximum Enfropy Gibbs Density: exp X

D= -
Trexp X

any way, in whole

- ©Tha \ s 2015 All rights rese

- | dF are partial derivative of F (X) with respect to coordinates of X . D
Is hermitian, normalised and positifve and can be interpreted as a density
matrix .

nt of Thales

| Legendre Transform appears with the following developmeni

S(D)_—TrDIogD_—Tr( ( IogTrepr)) —TrDX +Tr( )IogTrepr
Tr(D) 1= 5(B) = F(X)-(B,X)

| Roger Balian has defined the duql Riemanian metric from F ds® =d°F

in conjugate space X: ds? = —dS2 = TrdDdX = d2E
|_6| Normalisation of D i implies ]'[QD 0Qand Trd’D =0 THALES

reproduced, modified, adapted, published, Trcm\ ted, i
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Fundamental strcture of Roger Balian
Quantum Information Geometry

served.

Legendre Transform

ny way, in whole orin

3(6)=F(>2)—<f>,>2>

Characteristic Function

S =—Tr|Dlog(D)| F(X)=logTrexp X

Von Neumann Entropy

ent of Thales - © Thales 2015 All rights re

dified, adap published, translated, in a

p

. exp )2 Balian Metric of Quantum Information
D= - 3 Geometry (1984)

re A A
P ds? = —d2S =Tr|dD.d log D

o
OPEN
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I Basic Tool: Duality and Legendre Transform

| Legendre Transform plays a central role related to duality & convexity

» Dual Potential Functions (entropy and characteristic function)

ny way, in who \

» Systems of dual coordinates

- ©Thales 2015 All rights re

| Roots of Legendre Transform

nt of Thales

» Legendre Transform and Plucker Geometry

» Adrien-Marie Legendre and Gaspard Monge solve Minimal surface problem by
use of Legendre Transform

» Chasles and Darboux interpreted Legendre Transform as reciprocal polar with
respect to a paraboloid (re-use by Hadamard and Fréchet in calculus of
variations)

reproduced, modified, adapted, published, translated, in a

arty without the prior written conse

ot be

part or disclosed to a third p

» Alexis Clairaut introduced previoulsy Clairaut Equation

» Maurice Fréchet infroduced Clairaut equation associated to « dstinguished
densities » (densmes with porome’rers ochlevmg the Fréchet-Cramer-Rao Bound)

| 8 GDR ISIS - Entropies, diverge etm informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S
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I Legendre Transform interpretation

3] Legendre Transform

n

» Legendre Transform transformes one
fonction defined by its value in one point ’
in a fonction defined by its tangent.

©Thales 2015 All rights reserved

» Used in thermodynamics and Lagrangian
Mechanics

+ O(X) Pente,
_do(x) _ d(x)-a"(x')
dx X T_Q

Legendre Transform is equivalent to Fourier Transform for
convex function (duality)
Brenier, Yann. Un algorithme rapide pour le calcul de transformées de
Legendre-Fenchel discretes, C. R. Acad. Sci. Paris Sér. | Math. 308
(1989), no. 20, 587-589.

Classical Geometry
(curve is given by a
continuum of points)

Plicker Geomeiry
(curve is given by the
envelop of its fangents )

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole or
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I Legendre Transform, 1787

<z || 1787, Adrien-Marie Legendre,
“Mémoire sur I'intégration de quelques
équations aux différences partielles”.

» Adrien-Marie Legendre has infroduced
Legendre transform to solve a minimal
surface problem given by Monge
(Monge requested him to consolidate its
proof).

©Thales 2015 All rights reserved

» Legendre said “J’y suis parvenu
simplement par un changement de
variables qui peut étre utile dans d’autres
occasions’.

ument may not be reproduced, modified, adapted, published, translated, in any way, in whole orin

Legendre, A.M. Mémoire Sur L'intégration de Quelques
Equations aux Différences Partielles; Mémoires de I'’Académie
des Sciences: Paris, France, 1787; pp. 309-351.
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DPES SCIENGCES. 3090
M E M O I R E
SJUR

L' INTEGRATION DE QUELQUES EQUA TIONS
AUX DIFFERENCES PARTIELLES.

Par M. L GENDR BE.

(L)
De I'Egquation de la moindre Surface.

N fait, d'aprés M. de la Grange, que la furface fa
moindre entre des limites données, a pour équation
différentielle 2
dd ddg

' e ‘
(r = &%) hf —2p7 Tri -4 (1 ——p*) -—;)’—‘ — o,
en failant, pour abréger, -:—f ==p, :7‘ = ¢. M. Monge-

a tenté d'intégrer cette équation dans les Mémoires de I"Aca-
démie de 1784 ; mais l'intégrale qu’il a donnée (page r429)
n’étant pas 2 I'abri de toute objeélion, attendu que les fignes

Lotique la valeut de o {era ¢onnue, il eft clair quion . |
aura celles de x, y, g, exprimées en p & g, favoir,
. U o e da

e r— ——— i
ST

z=_}’-‘l'-—l—g;.'—u.
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Reciprocal Polar with respect to a paraboloid

Legendre Transform & Reciprocal Polar

n

» Darboux gave in his book one interpretation of
Chasles : « Ce qui revient suivant une remarque de
M. Chasles, a substituer a la surface sa polaire
réciproque par rapport a un paraboloide »

SUR LA THEORIE DES MULTIPLICITES ET LE CALCUL DES VARIATIONS

© Thales 2015 All rights rcscrvﬁ

2 In the lecture « Lecons sur le calcul des variations »,
J. Hadamard, followed by M.E. Vessiot, used
reciprocal polar of figurative, and figuratrice.

Pax M. E. VEssior.

T

LECONS

CALCUL DES VARIATIONS

entrde ran
J. HADAMARD
"

L R

> Note of Paul Belgodere presented by Elie Cartan
« Extrémale d’une surface »

Wtresiases row M PRICHET

Partons d’abord du probleme de Lagrange, et posons comme

TOME PREMHIN

ithout the prior written consent of Thales -
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9 (201’ 1l = N v il f. ‘x-'
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4 = La translormation de Legendre, définie par les équations (200),
i [‘\‘IOT!\‘ I =11 fr'j,,_,_ (INSERIBERI i T (201) reviendra encore a4 prendre la polaire réciproque de cette
L : ligurative par rapport au paraboloide
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Geometric Interpretation of Legendre Transform by
Reciprocal Polar with respect to a paraboloid

g . . . yA 0z
- > First, Let's consider the surface: z=f(x,y) with p= o and q=—
: X

> We consider the equation of the paraboloid: x* + y* = 2z
» Reciprocal Polar with respect to paraboloid has coordinates: X,Y,”Z

> the Polar plan with respect to paraboloid of this Reciprocal Polar XX+Yy—z—-Z =0
should be equal to tfangent plan of the surface at point (XO, Yo, Z,

L—1,= po(x_xo)"'qo(y_ YO) = PoX+Qyy—12 _(poxo +0pYo — Zo): 0
» This equality provides:
X = Po Y =(, L= PoXo + Ao Yo — 2o
This is the Legendre Transform

( 1y Govnsayt, Tratlé f '|||-.--'_--.-.-f, Loae 1, I f"!r'- esinnn

tome 1, I ro5.

~ Soin classical thermodynamics, Legendre transform S(Q)=(S,0)—@(p) is linked
with polar reciprocal with respect to ’rhe paraboloid:

| 2 GDR ISIS - Entropies, div ures informationnelles classiques et généralisées — 24 Mai 2‘ — 28( g) I I I A L E S




Geometric Interpretation of Legendre Transform by
Reciprocal Polar with respect to a paraboloid

» We have z=f(x,y) with p:% and ng and X=p,Y=q,Z=px+qy—z
and the Legendre Transform X 2/ 57 o7
> We compute the first derivative of 7: dZ = PdX +QdY with P = x and Q = v

Z=pX+Qy—z=dZ = pdx+qdy—dz+ xdp + ydqd ? ; dZ =xdX +ydQ=P=x,Q=Yy
z=pdx+qdy
» We compute 2" derivative of Z: X=p.r=a

R 2 _P_x &7 _oP_Q_ox_dy o_&Z_Q_J

S OX?2 X eX | aXeY oY oxX oY ox | aY? oY oY
(R— ox  t fr_ T
dX = rdx + sdy ( t S oX rt—s° RT —S°?
dx = 2dX— 2dY
dY = sdx +tdy r—s r—s OX —S -S
> ) N =S = = > =>1S= >
0“2 0°Z 0z —S r oY rt-s RT -S
r:—Z’t:—Z’S: dy: 2dX+ 2dY
OX oy oxoy | r—s r—s T:8y _ T f R
oY rt—-s* | RT-S?




Geometric Interpretation of Legendre Transform by
Reciprocal Polar with respect to a paraboloid

| Links with Contact transformations

» Considering new variables X,Y,Z and P,Q the derivatives of Z with respect to X and
Y, problem of finding in which case this five quantities could be express of x,y,z p
and g est the same problem where we ook for five functions X,Y,Z,P and Q of five
independant variables x,y,z p and g satisfying the differential equation:

dZ — PdX —QdY = p(dz — pdx —qdy)
where p is a function of x,y,z, o and g

Proof: [ oz 4

" ox =X

] % = dz— pdx—qdy =0 = dZ = PdX + QdY = < 7

=— = —

.oy \Q oY
Reciprocal: o0Z oX oY
= — P — _
P 0z 0z Q 0z
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Geometric Interpretation of Legendre Transform by
Reciprocal Polar with respect to a paraboloid

| Links with Ampere transformation

whole orin

ay, in
2015 All rights reserved.

» Ampere fransformation:
dz — pdx —qdy = d(z —qy)— pdx + ydq
Z=z-qy,X =x,Y =
Set{ z-qy, X =x,Y =¢
P= plQ =

» Then p=1, and we have a contact transformation, also valid when Legendre
transform is no longervalide (when rt—s?*=0, p and g are not independant)

any w

©Tha

= dZ — pdX —QdY =dz — pdx —qdy

nsent of Thales -

written co

dified, adapted, published, translated, in

prior \

] Legendre transformation and Ampere transformation

without the

» Legendre transform is obtained by same equality
dz — pdx —qdy = d(z — px—qy)— xdp — ydq
» We canset X = pY:q Z=7-px—qy
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I Duality Principle & Reciprocal Polar

<% Maclaurin frisectrix curve
:% is reciprocal polar of
= cardioid with respect of
. its conchoidal circle
%E ) Antipodaire
5 % Reciprocal Polar with respect to a circle
2 The characteristic point of the polar of MO
j is also the pole of the tangent to 7, at M,;
=8 It is therefore the point of intfersection of
= the perpendicular to this tangent passing
35 through O and the polar. The point N thus
3 describes the podar of 7, and the point
5 M, the inverse of this podar.
Es > (The inverse of the polar with respect to
¥ “-.the same circle is none other than the
$2 podaire)
I_ assiques et généralisées — 24 Mai 2017 T H l'\ L E S




I Project of 2nd Edition of his Book (Send by Claude Valiée)

N

J .M. S OQURIAU

whole orin
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I Souriau Definition of Entropy by Legendre Transform

| Let E avector space of finite size, i a measure of its dual E’, then the
function given by :
TE g [ u(M)dM
E*

ny way, in wh

f Thales - © Thales 2015 All rightsr

for all @ € E such that the integral is convergent.

blished, franslated, in a

t

| This function is called Laplace transform. This fransform F of the measure
is differentiable inside is definition set def (F) . lts p-th derivative is given

by the following convergent integral for all point inside :

F(p)(a)= jl\/l ®M..® Mu(M)dM
2.

p

arty without the prior written ¢

t or disclosed to a third p
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I Souriau Definition of Entropy by Legendre Transform

:. || Souriau Theorem:

> Let E avectorspace of finite size, 4 a non-zero positive measure of dual
space E*, F its Laplace transform, then:

- F is semi-definite convex function, F(a) >0,Va edef (F)
- f =log(F) is convex and semi-contfinuous
- Let a aninterior point of def (F) then:

- D¥(f)(@)=0
- D*(f)(@)=[e"[M - D(f)@)]” p(M)dV

*

— D*(f)(a) inversible < Affine envelop(support( 1)) = E

K%
-
=
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I Souriau Definition of Entropy by Legendre Transform

% ] Lemma:

> Let X be alocally compact space, Let 4 a positive measure of X , having X
as support, then the following function @ is convex:

d)(h)zlog_[e“(x)/l(x)dx , VheC(X)

such that the integral is converging.

¢s || Demo:

> > The integral is strictly positive when it converges, and then insures existence of its
: logarithm.

h
> The epigraph of @ is the set of ( j such that jeh(x)‘yl(x)dx <1
y X

» Convexity of exponential shows that this epigraph is convex.

1 or disclosed to a third party withou
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15}
C
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o}
€
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0
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o
=

K%
2

o
8
| 50 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S



I Souriau Definition of Entropy by Legendre Transform

:. || Souriau Entropy Definition:

o0

%

wh

ay, in
2015 All right:

» (Neg)Entropie is given by the legendre tfransform of :
®(h) = log j "™ 2(x)dx , VheC(X)
X

any w

©Tha

» We call “Boltzmann Law” (relatfive to A ) all measure ¢ of X such that the set of
real values u(h) — @(h), hedef (®) and h is u -infegrable.

part or disclosed to a third party without the
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Project of 2nd Edition of his Book (Send by Claude Valiée)

o ENTROFIE
£8 —_—
o8 Lemme 2
0 . - .
3£ Soit .XL un espace localtment compact; soit A upe mesure positive da X
. ayent X ‘comme support.
.?;]30) Alors la foncticn dP H -
“h - .
P(h) = Lag f e (=) M=x) ax [ Y he(3E) tel que 1'intigrale
X .. converge
est convexc.
Mapris (17.141), 1'intdgrele est atrietement posiiive lorsqu'elle esl .copn-

vergente, cs gqui =osure- 17exisience de son logarithme. L'épigraphe de t’p (16.48)
i, est 1l'ensemble des (;) tels gue [ &h{r}-;r ),{,-_) dee & A3 la eonvexitg

orior written consent of Thales - ©

de 1'exponentielle montre que cet épigraphe est convexe.

C.y}. F.I.

Heous ullons définir ~ sous le nem de négentropie = une transformée de Lepeu—

dre formelie de eolie fenction (,‘.‘3' H

a third party without the

t may not be reproduced, modified, adapted, published, trans

Dérinition ({snite de ( 17.190)) ) .
9 Nous appellerons Jloi de Helbtzmann (relative & )\ ) toute mesure ;‘*‘- da . X
i ' '
€3 ".lh.lJ'l) telle que 10 " ensemble de réels
£70
S5 2 h del
i) - P ) €aer(P )
é% ; ) . k R -irtégrable
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I Fisher Matrix and Fréchet(-Cramer-Rao) Bound

| In 1943, Maurice Fréchet published a seminal paper where he introduced first
:. lower bound for all estimator, given by the inverse of Fisher Matrix

>
¢]

2015 Al right

- > Fréchet M., Sur I'extension de certaines évaluations statistiques au cas de petits
<% échantillons. Revue de I'Institut International de Statistique 1943, vol. 11, n° 3/4, pp.

182-205. ) estimator of @, Fréchet bound :

R, = E[(@—éX@—éﬂ > 1(0)"

d

Th

nsent of Thales - ©

adapted, published, franslate

written co

D

prior \

6*logP(Z/0)
06,00,

1(0) Fisher Matrix : [1(0)] . :—E{ } with 6=

without the

» Fréchet informed us that the content of this paper is extracted from his IHP Lecture of
: Winter 1939 « Le contenu de ce mémoire a formé une partie de notre cours de
i*@ statistique mathématique a l'Institut Henri Poincaré pendant I'hiver 1939-1940 ».

ed to a third party \

%

%

c O
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I Fisher Matrix, Fisher Metric and Information Geometry

: | Classically, Fisher Metric of Information Geometry is infroduced through
Kullback Divergence and 2" Taylor of ordre 2 expansion:

ny way, in whole ol

ds> =K[P(z/6),P(z /<9+d9)]Tay_Ior do"1(0)d6 = Zn:gijdeidej
ordre 2 i, J=1

K : Divergence de Kullback

K[P,Q]=[P(z /9)Iog(gg ; Z;jdz

| Even if we can infroduce Kullback divergence (combinatoricstools and
stirling formula), this apprach is not fully satisfactory. We prefer to
infroduce Information Geometry from « characteristic function »
(infroduved by Frangois Massieu in Thermodynalics and reused by Henri
Poincaré in probability) and its developements by Jean-Louis Koszul.

ntof Thales - © Thales 2015 All rights reserv:

arty without the prior written conse
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I Seminal Papers on Information Geometry
| Information Geometry:

» Cramer-Rao-Fréchet-Darmois Bound and Fisher Information Matrix

CRFD Bound
E[(H—é@—é = 1(0)"

Fisher Information Matrix

[1©)],, = —g| 2 Mn pX /9)}

06,007
i i
» Kulback-Leibler Divergence (variational definition by Donsker/Varadhan)

K(p, q)_Sup[E (¢)—InE (e¢)] jp(x/@)ln[%j X

» Rao- Chentsov Metric (invariance by non-singular parameterization cha ="

ds® = K[p(X /0), p(X/0+dO)|=do"1(0)do=>"g, ,d6.do; 4?
] :
B Y

|57 > Invariance:. W =W (8) = ds*(w) = ds* () T H /e




I Fisher Metric and Information Geometry (1G)

- ]| 1G could be introduced with Koszul-Vinberg Characteristic Function:

(X)) = je_<x’§>d§, VXeQ with Q and Q are dual convex cones

y way €
2015 All rights reserv

d,ina

© Thales

« 2
W o+ M) = Yo (X) = A{X",u) + ’%(K(x)u, u)+
| Density is given by Solution of Maximum Entropy: D (&) = —J p: (&)log p; (E)dE

ng{— J p:(&)log p; (£)d 4 such that [ p,($)d¢ =1and [&.p; (e)is=Z

<,®-1(5)> )
RO it -6 -2

Ie
| The inversion ®*(¢) is given by Legendre transform based on :

o (x) < > (I)(x) with X" _dq)(x D(X) = |ogje “N4E VxeQ and VX e Q'
|_8 GDR ISIS - Entrc div: ures informati elles classiqu générali — 24} dZ)( T H A L E S
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I Fisher Metric and Information Geometry (1G)

.|| Maurice Fréchet, studying “distinguished functions” (densities with estimator
reaching the Fréchet-Darmois bound), have also observed that solution
should verify the Alexis Clairaut Equation:

O (X)) = <(~)‘1(x*) x*> - CD[(H)‘l(x*)] VX e {O(x)/ x e Q]

| Fisher Metric appears as hessian of characteristic function logarithm:

,in whole ol

any way
2015 All rights reserv

- ©Th

nsent of Thale

modified, adapted, published, T nslated, in

0° log p, (&) _ 0°®(x)
o =—(X,E)+ D(X) > X
g P, (&) =—(X, &) + D(x) 7 PVE;
o° log p, 0°D(x 2 2" T
(0 =-E. gg(i) :_# o’o | &0
OX OX 2 o
o°lo X
W= 5‘2”9( ) el lef -var
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Fisher Matrix, Cramer-Rao-Fréchet-Darmois Bound & Information
Geometry

| Cramer-Rao -Fréchet-Darmois Bound has been introduced by Fréchet in
1939 and by Rao in 1945 as inverse of Fisher Matrix | (6’)

y=ell0-0o-0f 10" o, - TR0t

| Rao has proposed to introduce a differential metric in space of
parqmefers of probability density (axiomatized by N. Chentsov):

- ds? = Kullback _ Divergence(p,(z), p,.q0(2))

pe+d9(z) w =W (0)
(et p,(2) * = ds? = ds
Zg.,dﬁdé’ Z[I(e)]i,,.deide;*:d9+.|(e).d9

Taylor i
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I Gibbs density (Maximum Entropy) and Legendre Transform

| Maximum Entropy Principle for Density Estimation: Gibbs-Duhem Density
:;ng{— J P:(£)log p, (£)d¢ |such that | p,(£)d¢ =1and [ &.p,(£)ds =<

-(07(6).¢)
e oD (,3)
"'e—<®1(f),§>.d§ 5 O(p) =

GE where &(f) = —logy, ()

Valh)=[e"94s 3=~ [p.(&)logp,(£)d¢ and f=6"()

S(&)= <$ , ,B> —~®(f) LEGENDRE TRANSFORM



I Fisher Metric and Information Geometry (1G)

| Fisher Metric appears as hessian of characteristic function logarithm:

log p; (&) =&, B)+@(B)
S(8) =~ p,(&).Iog p, (£)d¢ =~E[log p, (£)]
S(&) = (E[¢] B)-@(B) = <$, ,B> _®(B) LEGENDRE TRANSFORM

[ 0% log p,(&) . 0%~ (&, B)+0(B)) __0'o(p)
o op° op

I(p)=-E

. 00(f)
E=22

|(ﬂ)=E{

dlog p, (&) dlog p, (&)’
op op

£a
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I 2 metrics in dual coordinates systems for dual potential functions

| 1st Metric of Infformation Geometry: Fisher Metric = hessian of logarithm
characteristic function

(B) = —E|:82 log p, (é)} __0'o(p)

ny way, in whole orin

)ik op°
dsg = 04" 1(P)f =3 g,00p, with 9, =[1(B)];

| 2nd Metric of Informahon Geometry: hessian of Shannon Entropy

- ©Thales 2015 All rights reserved.

nt of Thales

reproduced, modified, odopT d p ublished, franslated, in a

o'S(S) _ {@ ‘W)’)} S(&)=(2.8)-0(p)

S op°

& dgT!‘6 Sf)]dﬁ Zh dédé with h, F;Sé(f)}
| Same DIS ance for Duql metrics !
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I Example : Gaussian scalar distribution

©°
®

] For Gaussian Law, Fisher Information matrix is given by :

1 O ” n
1(0) = 2. with E|(0-0)o—6] |=1)* and 0= "
0O 2 o
m Fisher matrix induced the following differential metric :
2 2 2
ds2 =do".1(0)do=9M" 9o _ 2.0{[0'”“] +(d0')2}
O

2 2 \/E

O

m Poincaré model of hyperbolic Space :

. m - Z—1
Z =—+1.0 @ = - QQ)‘<1)
A2 Z+1
2 Geometry of
dw .
: — d52 — 8. ‘ ‘ Gaussian Law
K (1 . ‘a)‘ 2 )2 Is Geometry of
Hyperbolic Poincare Space

1l i
=Q —} ¥
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I Example : Gaussian scalar distribution

| Gaussian Law Metric :

- Ifweset I' = ‘60‘ we can integrate along one radial :

2
ds> =8.[ drzj —2din=*t"
1—r 1—r

m Homeomorphisme is used then to compute distance between two
arbitrary points in the unit disk :

v=g(0)=——"e'” and 0=g¢,(z)

33 Taw—1

m Distance between two Gaussian Law is then given by

o
3
c
o]
0
c

o

prior

without the

5 B 1+ o(w, ) ° _ |o—T
D ({ml,o-l},{mz,o-z})—Z.[ln 1_5(0)’7)) with  5(a, 7) = 2=F

ed to a third party \

m . zZ—1
£y Z=——+1l.c0c and w =

V2 Z+1

-
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I Monovariate Gaussian = 1 point in Poincaré Unit Disk

dm? do? —i
1 Z +1

-~ Métrique demi-plan

.v-'/f T
/)\ :
o, /
e e
_ // \\
T m m
At . » T 1+ 8(0®, )Y’
- Métrique disque unité d*({m,, o}, {m,,o,})=2] log — ( 5 (2))
|d |2 1-6(0", 0"”)
. @
- |ds® =8. 2 avec 5(0",0®)= 2 =a"
L oS o




I Mean/Mediane of Gaussian densities

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

ales - © Thales 2015 All rights reserved.
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I Example of Multivariate Gaussian Law (real case)

| Multivariate Gaussian law parameterized by moments

pée(é:) =

1 o I R em
(272)"'? det(R)"2

%(z -m) R™*(z—m) = %[ZT R'zZ-m"R'%z-z"R™m+m"' R‘lm]

_1 Z’RY'z-m'R™z+ 1 m'R™*m
2 2

1 | -mTR 24+ 17TR Y 1 _
p(f (€)= LTRm ° [ 2 } B ie o
(27)"'? det(R)"e?
2 7 ~-R™m| [g
5:{ T} and f=| 1. :{H} with <§,,B>:aTz+zTHz=Tr[zaT+HTzzT]
27 =

=Q
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I Example of Multivariate Gaussian Law (real case)

: | Multhrlqi? unssmn Dlensﬂy given by their momenti (and not cjymulcmis)

ion (Free Energy / logarithm of characteristic function)

— _ (¢.8) -
p;(£) = gz with log(Z)=n Iog(27r)+—logdet(R)+ m'R™m
z ] . [E[z]T [ m a R™m
9E:LZT_";‘E:LE[ZZT]}:_R+mmT]ﬁ:{H}:[;Rl ] with (¢, 8)=Tr[za +HTz2"]
R = E[(z—m z—m)T]= Elzz" —mz" —zm™ + mm’ 1: Elzz" |- mm’

prior written co

| 15" Potential func
§3w9(,3)=_[e_<‘§’ﬂ>.d§ and CD(,B)=—Iong(,B)=1[—Tr[H‘1aaT]+log[(2)”detH]—nIog(Zn)]

1 Relqhon between 1st Potential function and moment

part or disclosed to a third party without the

o) _dllogua(B)]_ . e

@ § d¢ = [&p,(§)de=¢

0P op f j g I ‘f

= 0"
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I Example of Multivariate Gaussian Law (real case)

: || 2nd Potential function (Shqnnon En’rropy) as Legendre Transform of 1st one:

8O =(ép)-(p) with

=
> <
S 0
> O
-
0]

nt of Thale

ritten co

-

-2 J Howto mqke Density dependen’r on moments only:

=0(f)=p=07(5) or =

B
P8 =F—

é o <§,/3>.d§
S(f)——

| 70 GDR SIS - Entrc

(é)

= f=

e with (£,8)=a"z+2"Hz=Tr

0P(B) _ ¢z apg 25()
oy % ad =g
~&.8) a(€8)
5) d§ J‘e 27 d§ —ipg(§)|ogpg(§)-d§

- ~R*m
a
- 2

:zaT +H zZ7" ]: —mRz+ % 2Rz

pg (§) log pf (f) d§ = —[Iog(2) det[H 4+ nlog(278))= —[Iog det[R]+nlog(27.¢)]
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I General Scheme based on Cartan-Killing form

< >|nner product from Cartan - Killing Form:

(&p)=-8le0) with B.0(9)=Tr(Ad, A

S(£) =<f,ﬂ>—®(ﬂ) Legendre Transform  ®(B) =-logy,, ()
S(€)=-[p,(©)logp,(£)d: (UMM with y,(f)= [e " ds
-(07(8).¢) A
__¢© o0D(p) _35(&)
p: (&)= .[e_<®1($)’§>.d§ =0(B) = o8 S = >
I(ﬂ):_E{az |o§ gﬁ(é)} 02 =Y 0,085, ds? =Zhijdz§id$j
p i ds? = ds;
: - _| o°@(p) _[2°8(9)
'(ﬁ)z—a;;(f) with g; —{ o5 L with h, { oz




I Application for Density of Symmetric Positive Definite Matrices

| If we apply previous equation for Symmetric Positive Definite Matrices:

g -(07(8)¢) _
e £-0(f) = o0 (p) D () =—logy(5)

I (e &) dé op with v, (B) = J'e‘<ﬂ"’5>d

Q*

pg(?):

(n,)=Tr("¢), Vn,&eSym(n)

Application:  wqo(B) = je_<ﬂ'§>d§=det(ﬂ)_2WQUd)

o0(f) _a(-logy,(B)) _n+1
o o 2

p:(&) = g {oBehole™d) wo(ly ).[det(aeg _1)]9_“(“"215) with a = ”TH

&= p

Sa
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I Fisher Metric and Euler-Lagrange Equation

.| Fisher Metric for Multivariate Gaussian Law

ds? =Zgijdevio|evj = dm’ R‘ldm+§Tr[(R‘1dR)]

ny way, in who \

©Thales 2015 All rights re

| Classmal Euler-Lagrange equation
Zglke + Zrukeg =0 , K =1...,N

nt of Thale

2 i,j=1
89, 09, g,
C o with Iy, J ik g"‘+ Ji
"2 00 ae,. o0,
R+mm’ —RR'R=0
— )
Mm—RR*m=0

| We cannot easily integrate this Euler-Lagrange Equation (we will see that

Lie group Theory will prowde new equahon Euler-Poincaré equation)
|_3 GDR ISIS - Enfropies, diverge informationnelles classiques et généralisées — 24 Mai 2017 T H A L E S
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I Souriau Chapter on Statistical Physics: Multivariate Gaussian Law

£ Exemple : (loi normale)
x
Prenons le cas ¥ = R", 4 = mesure de Lebespue, ¥(x) = :
» X '@‘ X
un élément £ du dual de E peut se définir par la formule
Zi¥ix))=a.x +ix.H.x

[o¢ e R"; H = matrice symétrigue]. On wvérifie qué la convergence de 1"inté-
grale Iy a lieu si la matrice*H est positive (') ; dans ce cas la loi de Gibbs
‘s'appelle loi normale de Gauwss ; on calcule facilement [, en faisant le chan-
i, gement de variable x* = HY? x + H~Y g (*); il vient )

S

| z=4%[@E.H '.a — log(dét {(H)) + nlog (2 n)]

i alors la convergence de 7; a lieu également ; on peut donc caleuler Af, qui

% est défini par les moments du premier et du second ordre de la loi (16.196) ;
- le calcul montre que le moment du premier ordre est égal 4 — I '.a
£ et que les composantes du tenseur variance (16.196) sont égales aux
5 &léments de la matrice A ~* ; le moment du second ordre s’en déduit immé-
diaterment. .
La formule (16.2005) donne 'entropic :

log (2 me —-%103 (det (HY) | :.

& =

n
2

(") Moir Calcw! lindaire, tome IL-
* est-d-dire en recherchant irage de la loi par Papplication x i x*.

This documer
part or disclo:
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I Maximum Entropy / Gibbs Density for Multivariate Gaussian Law

| if we take vector with tensor components & :(z j components of &

®z

will provide moments of 1st and 2nd order of the density of probability p; (<)
, that is defined by Gaussian law. In this particular case, we can write:

ny way, in whole orin

ntof Thales - © Thales 2015 All rights reserved.

<§,X>=aTz+%zTHz with aeR" and H e Sym(n)

| By change of variable given by z'=H"?z+H™"?a , we can then compute

the logarithm of the Koszul characteristic function:
D(X) = 1 [aT H ™ a+log det[H ‘1]+ nlog( 27r)]

rty without the prior written consel

| We can prove that 1st moment is equal to —H ™“a and that components of
variance tensor are equal to elements of matrix H™, that induces the 2nd
moment. The Koszul Entropy, its Legendre transform, is then given by:

D (&)= —[Iog det[H |+ nlog(27e)]
TR S so— THALES
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Page Facebook de Maurice Fréchet

.-
(création personnelle) il J'aime déja

n

| https://www.facebook.com/FrechetMaurice/
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Maurice Fréchet, Borel, Wiener, Weil et Carathéodory
Congres d’Oslo 1936
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Mavurice Fréchet, Darmois, Cramer et Fisher
Congres Calcul des probabilités - Geneve 1938

©Thales 2015 All rights reserved.

A

Congress on Probability in Geneva {Congrés, Calocul des Probabilités, 1938)

\,' !{t‘.l the front you see Lévy, R. A. Fisher, and Georges Darmois. On the stairs
ire Cramér, Fréchet, and Jean Piaget
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Mauvurice Fréchet et André Blanc-Lapierre
Colloque international de Calcul des Probabilités - Lyon 1948

These de 1945 d’

André Blanc-Lapierre

« Président du Jury:
Maurice Fréchet

« Rapporteur:
Georges Darmois

Ouverture d’'un colloque GRETSI:
A. Blanc-Lapierre, H. Mermoz, P. Aigrain, B. Pici

A A ah

Cing normaliens (Dugué, Malécot, Ville,
Fortet et Blanc-Lapierre) suivent des cours
. : : % aupres de Maurice Fréchet G I'IHP et &
TR S SRt el R = - I'Ecole normale supérieure.

Fig. 9 Colloque International sur le Calcul des Probabilités. Lyon 1948. First row: Paul Lévy and

Maurice Fréchet. On the picture one can find among others J. Doob. R. Fortet. D. Van Dantzig,.
E. Mourier, J. Kampé de Fériet, A. Blanc-Lapierre.. .. (Photo: © Private collection F. Lederer) T H l.\ L E S




I Maurice Fréchet : IHP Lecture 1939, Paper 1943
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The Inverse of the Fisher/Information Matrix defines the lower bound of
statistical estimators. Classically, this Lower bound is called Cramer-Rao Bound
because it was described in the Rao’s paper of 1945. Historically, this bound
has been published first by Maurice Fréchet in 1939 in his winter
“"Mathematical Statistics” Lecture at the Institut Henri Poincaré during winter

1939-1940. Maurice Fréchet has published these elements in a paper as early

as 1943. We can read at the bottom of the first page of his paper:

> At the boftom of 1st page of Fréchet's paper, we can read:

divergences et mesur

- The contents of this report formed a part of our lecture of mathematical statistics at
the Henri Poincaré institute during winter 1939-1940. It constitutes one of the chapters
of the second exercise book (in preparation) of our “Lessons of Mathematical
Statistics”, the first exercise book of which, “Intfroduction: preliminary Presentation of
Probability theory” (119 pages quarto, typed) has just been published in the “Centre
de Documentation Universitaire, Tournois et Constans. Paris”.
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I Mavurice Fréechet and Clairaut-Legendre Equation
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This

3

|| Seminal work of Maurice Fréchet

> In Winter 1939, in his IHP Lecture, Maurice Fréchet introduced what has been called
Cramer-Rao bound:

n(oa)?

1 0f(X,0)

aVCCT:H(Xp““X"')’ Azf(x,ﬂ) 39

(o) =

-

6 estimateur de @, borne de Fréchet : R, = E[(& — éXH = é)T } >1(9)*

(o)} =€ d*logP(Z/6) = dlogP(z/6)ologP(Z16)
" 0000, | 06, 00,
> In his1943 paper, Maurice Fréchet studied “densités distinguées”, density with
parameters that reach this bound . He proves that « distinguished density » should
be exponential and given through Alexis Clairaut equation
®*(x*):<x*,m‘;—y)>—®(MJ et x° = 9200

dx” dx

(55) u=0u—y)
c’est-a-dire une équation de Clairaut. La solution ¢’ = constante réduirait f(x, 6),
d’apres (48) a une fonction indépendante de 6, cas ol le probléme n’aurait plus

de sens. u est donc donné par la solution singuliére de (55), qui est unique et
s’obtient en éliminant s entre u = 6 s — y(s) et & = y’(s) ou encore entre THALES




I Clairaut Equation, 1734

©Thales 2015 All rights reserved

» Legendre transform

» Clairaut Equation
* * * ®* X*

()] (X ): X ’d—()

dx

» Singular solution: envelolp of straigth lines solutions

*

dx” dx”
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a0 (x)

=0=(x _(D,(dcb*(*x*)
dx

3

|

dx™?

(D*(x*): <x*, x> —~d(x) avec

-0

o) el | 00D of

z]] 1724, Alexis Claude Clairaut

dx

*

» Clairaut introduced before Legendre an equation
related to Legendre transform.

ot 4PX) _ -
dx

dx”

dd>*(x*)]d2<1>*(x*)

dx™?

*

=X =@

—

(

d(ID*!x* )

dx

*

J et &(x")=(C,x")+(C)

196 MEMOIRES DE LACADEMIE RovaLe

S O LUTION
DE PLUSIEURS PROBLEMES

Ou il s'agit de trouver des Courbes dont la propricié confifle
dany une certaine relation entre leurs branches,
exprimée par une Equation donnée.

Par M. CL.AIRAUT.

AnNs les Courbes dont on parle dans ce Mémoire,

il ne fuffit pas, comme dans la plipart des autres, de
confidérer un de leurs points quelconques, ou une partie
Infiniment petite de la Courbe pour L déterminer toute
enticre. Les propriétés de celles-ci demandent néceflaivement
qu'on prenne i la fois pluficurs points a des diftances finics
les uns des autres, & dans des branches différentes. *

Les Problemes que je vais donner, & ceux qui font de
ia méme efpece, feroient fort faciles, i, pour trouver les
Courbes qui ¢n font la folution, on fe contentoit de prendre
deux ou plufieurs branches de différentes Courbes, au licu
de trouver une feule Courbe qui les comprenne toutes.
Prenant une branche d'une Courbe quelconque, on en
trouveroit aifément d'autres par les méthodes ordinaires, qui
auroient avec cette premidre Ja relation demandde. Mais
pour faire enforte que les différentes branches apparticnnent
toutes 4 la méme Courbe, il faut néceffairement avoir recours
A d'autres méthodes qui adjodtent de plus grandes difficuliés
a ces Problemes.

Il n'y a eu julqu'ici, du moins que je fgache, que trés-
peu de Problemes de cette nature, on peut dire méme qu'if
n'y a d'expliqué que le fameux Probleme des Trajeéloires
réciproques, c&onl 'I\d." Bernoulli, Pembreton & Euler ont
donné des folutions dans fes Aétes de Leipfic, anndes 1 71 8,
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I Seminal Maurice Fréchet paper 1943
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&(48)

Etude des densités distinguées. Appelons (provisoirement, dans ce mémoire)
densité distinguée, toute densité de probabilité f(x, §) telle que la fonction

oL flx,8)
(46) o4 o 9F

[ l% #(x, 8) rﬁ%‘ﬂ'

Pour ces densités distinguées, on va pouvoir déterminer la fonction minimi-
eante H'(X,, .... X,) et étendre au cas des petits échantillons la comparaison des

hodes d’estimation faites par divers auteurs dans le cas des grands échantillons.
11 vaut donc la peine de chercher la forme générale de f(x, 8) pour cette catégorie
de variables.

soit indépendante de 8.

de 6. En appelant i(x) cette fonctibﬁ,'on voit qu'on a I'identité de la forme

(47) A6 55 L f(#,8) = h(x) — 8

(52bis) it =
Incidemment, puisque, d’aprés (52), A(f) est positif, il en résulte aussi que
o (: Tlm) est aussi positif. Fisher metric

On peut d'ailleurs préciser d'une maniére plus directe que par (50), le choix
des fonctions u(#), h(x), I(x): on peut prendre arbitrairement h(x) et l(x) ')
et alors p(f) est déterminé par (50) ou méme mieux par une formule explicite.
En effet, (50) peut s’écrire

+m
pBp —y — J'spl‘ghlsl+f'[a'i dx.
—
Donnons-nous alors arbitrairement h(x) et I(x) et soit s une variable arbitraire:
la fonction

+om
[ e+t g 1)

sera une fonction positive connue que nous pourrons représenter par e®, On
voit alors que p(f#) sera défini par

0 —p=y) ou

ot A(#) > o. On peut cunsidérer I ( ) comme la dérivée seconde d'une fonction

u(8); d’otr % L f(x,8) = pue"”(08) [h(x) — 6].

Par suite L f(x, ) — u'e [h(x) — 8] — pu(8) est une quantité indépendante
de # que nous pouvons représenter par I(x).

Ainsi toute densité distinguée, f(, #), est de la forme
flx, 8) = ew'alhis — 6]+ u(8) + 1)

(55) u=64 —yp() Legendre-Clairaut

c’est-d-dire une équation de Clairaut. La solution ' = constante réduirait f(=, 6),
d’apres (48) a une fonction indépendante de f, cas ot le probléme n’aurait plus
de sens. u est donc donné par la solution singuliére de (53), qui est unique et
s'obtient en éliminant s entre 4 = 6 s — w(s) et # = ’(s) ou encore entre

+e=
efr—i = [ bt 1) dr gt
—_—

(55bis) § o @+ 10 [(x) — 6] dx = o.

Si I'on veut, p(6) est donné par la relation
+ o
= = e-—ﬂlj' elifxﬂ'l'ﬂx} dx

olt 5 est donné en fonction de 6 par la relation implicite (55bis).




I Fréchet 1943 paper: Fréchet bound (Cramer Rao bound)

» We consider estimator of 8 givenby: T = H(X1 ..... Xn)

> And the random variable A(X) = dlog p,(X) with associated value U = ZA
06

> The constraint Ipe(x)dx 1 induces:

T TH Py (% )lx; = dj T{ZA(X )}H p,(%)dx, =0= E,[U]=0

-0 —oo | par@d —o —oo |

+00  +00

> Ifwe assume E,[T]=0= I...jH(xl ..... Hpg(x Jx, =8 = E[T-0U]=1

dérivée
—00  —00 par 6

> Then as E[T]=6 and E[U]=0, we have : E[(T-E[T]U —E[U])]=1

> According to Schwarz inequality: [E(ZT)J < E[ZZ]E[TZ]
1<E[T-E[T ) E|U -ELD = (o70, )

> U as sum of independant variables, Bienaymé equality gives :

2 -0' ‘=nlo, V= (o 22#
(O‘U) —Z_ A(Xi)] ( A) ( T) n(O_A)Z THALES




I Fréchet 1943 paper: Clairaut Equation

. || Fréchet studied « densités distinguées » (distinguished density): density
with parameters that reach the Fréchet Bound

who

ay, in
2015 All rights reserv

2 Previous inequality becomes equality if there exist two numbers a et f(non
random and non equal to zero) such that a(H'—0)+,BU =0, with H' a function
among admissible H function such that we have equality.

This equality could be written H'=6+ A'U with A' a deterministic volue hen if
we use previous relafion : E[(T E[TU-EU)]]=1=E[H-0U]=1 [LJZTzl

> We deduce: U =" A(X;)=> A'nE,|A°|=1
> from wich we have '} ond the estimator H' that reach lower bound:
Z dlog p,(X;)
1 alogp (X) _,, 5 20
A e Z 0 =0 +

:nE|A2|:> = nE| |4 nT[@pg(X)T dx
00 ] py(x)

—o0
>with E[H']=0+A'EU]=6
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I Fréchet 1943 paper: Clairaut Equation

> H'is then an admissible function if H' isindependant of & .Indeed, if we
consider E, [H']=6, . E|[(H-6,)*|<E, |(H-6,)| vH tq E, [H]=0,

> However H =4, verifyes the equation and inequality proves that it is almost
surely equal to g, . So for estimating 6, , you should know first 6,

> At fis step, Fréchet studied « densités distinguées » (distinguished density), all
density of probability p,(X) such that the following expression is independant of : g

6Iog pg(x)

Jjape (X)} dx
Py (X)

> Fréchet objective is to determine the minimizing function T = H'(Xl,..., Xn)’rho’r
reach the bound. Previous equality could be written:

A(Q)aloggg(x) -8 A(X)= {Ji”[apg(x)} pdzx)} _ﬁ” 0, ){aln p:;(x)} x}

h(x) = 6+

—00

I AN\ D



I Fréchet 1943 paper: Clairaut Equation

as secund derivative of the

» However as A(f#) >0, we can consider
function ®(8) such that: A(0)

2 1 oln p,(x) ]’ olnp, ()| &*d(@
alog pe(X):a (D(g) [h(x)—@] _ jpg(x)li pH( )j| dx = E |: pH( ):| _ (2 )
00 06> A(X) 06 06 00

» we deduce that the following function is independant of 4 .

) = 1og p, 09~ 22 [n(x) - 6] - ()

» A distinguished density could be written:
acp(e) 0
— -0k (0)+((x) _
0, (X) = with j p, (X)dx =1

» These 2 conditions are enough

Fréchet proved that « distinguished densities » are in the familly of « exponential densities »
Fréchet proved that Fisher matrix is equal to the hessian of a function (Massieu Characteristic Function)

GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S




I Fréchet 1943 paper: Clairaut Equation

> These 2 conditions are enough. Let 3 functions ®(8). h(x) and ¢(x) such that we

have forall 6 : s OO o0y 1(x)
je dx =1
» Then function is distinguished:
2 8Iog pe(x)
(0
204200 72O g ]
ﬂape(x) dx
1 Po(%)
| 02D (6) [alog P, (X) 2 .
> if A(X =1 when ——= p,(X)dx=(c,) the previous
( ) a02 /1(X) I | 0 ( A) e
function willreduce to h(x) and thenis not dependentto 4 :
2
6+ 4(x) 22 [h(x) 6] = h(Y

®(9) 4

Alx ) 062

THALES



I Fréchet 1943 paper: Clairaut Equation

> We the following relation: J. 2@(9) Ih()— e]zeaq(;(:)(h(x) 9)+q>(9)+f(x)dx
ﬂ.(x)_ 062

2 The relation is true forall @ , we can denve previous expression with respect fo g
+00 6@(9)

LD (hx)-o)a@)+0(x) [ O>D(O
fe o ( ( )j[h( )—6dx =0

2 —00
2 We can divise by 0 (D(f) that is not dependent to X . If we derive a 2" time
with respe%’r(’;? 6 ., we have: o
+o0 0D +00
“—2(h(x)-0 )+ D(8)+£(X) ()] (h(X)=0)+D(9)+£(x)
00 () [h(x)-6Fdx= [e dx =1
- 06° e ,
o D(O
» By combining this expression, with expression of 1 , we have : A(X). (2 ) =1
A(X) 00
2
» And as A(x) >0, then 0 (D(f) >0
ol%
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I Fréchet 1943 paper: Clairaut Equation
. > We canselect arbifrary h(x)and I(x) and then ®(g) is defermined by:

4o 0D(0)
[h(x)-0]+®(0) +£(X)
_[e o0 dx =1
S oD (0) +o0 acp(e)
) 0. (O
» That we can written: o ) =

h(x)+£(x)

> If we slect arbitrary h(x) and [(x) . and let s an arbitrary variable, the following
function will be a posifive function known, given by : g¥()

+00
J‘es.h(x)+€(x)dx _ e‘}’(s)

> We obfain d(F) by Clairaut Equation: ®(0) = 0.———=~ el MJ_W)
o6 ol

> The case Y _ste reduce the density to function independent to g, then d(g) is

. . 86 . : : ) . ) =
given by singular solution of this Clairaut equation, that is unique and obtaining

35 by eliminating s in the equation: P(s

®=0.5-"P(s) et PIcL O
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I Fréchet 1943 paper: Clairaut Equation

0¥(s)
oS
» The function ®(g) is obtained by eliminating s between:

®=0s-P(s) et 6=

+00 +oo
05-0(0) _ Ies.h(x)+€(x)dx J'es.h(x)M(X) [h(x)—OJdx =0

> We obtain ®(9) =—log jes-h(x)+f(x)dx+9_s where s is given by implicite equation:

—00

J‘es.h(x)+z(x) [h(X) . Q]dX -0

1
> Fréchet also obersved that: (GTH) o) J. 8p9(x) dx N 82®(9)
(t-0) P, (X) 00"
> T follows: —”2%
n oA th 8 (D(g)
|92 P, (1) = vn A\/ﬂ W (GA)Z_ PY:E THALES



I Fréchet 1943 paper: Clairaut Equation

. > We can wiite the estimator as : H'(xl,_,_,xn)zl[h(x1)+,__+h(xn)]
> Empirical value is given by : n

t=H"'(x,..., X,) :Ezh(xi) :9+/1(9)Zc’9|ogarg(xi)
o | Zalog pt(Xi):O

> Ifweset g=t.wehaveas A(#)>0:

> When P, (X) is a distinguished density, empiricqlivolueq of @ corresponds at a
sample X;,..., X, thatis aroot of previous equation in t. This eugtaion has a root
and only one root when X is a distinguished variable. With

50 (0) o » 5 _Zh(xi) | 2
[h(x)-0]+ D (0)+£(x) olog p,(x,) _ oDd(t)| < _t!| avec 0" d(t) >0

X)=ge 9 =
Py (X) Z.: ot ot? n ot’
1 L i
> We find the only rooI: t= _Zh(xi)

> T=H'(X,,...X,)
a sum.

Ii3 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 T H IO\ L E 5
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:H E h(Xi) cannot have an arbifrary expression, buft it is given by
i
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I Fondation of Information Geometry by Jean-Lovuis Koszul

<z || Fisher Metric = Hassian Metric

2 In case of Maximum Enfropy Density (Gibbs density), Riemannian
metric associated to hessian of logarithm of the partition function is
equal to Fisher Metric.

ny way, in whole

- ©Thales 2015 All rights res

» These Hessian Geometrical Structures have been studied in parallel
par the mathemacian Jean-Louis Koszul and his PhD student
Jacques Vey in more general framework of sharp convex cones:

sent of Thales

- Koszul Forms
- Koszul-Vinberg Characteristic Function

arty without the prior written con

» In Jean-Louis Koszul model , fondamental structures are deduced of
affine represnetation of Liegroup and Lie Algebra (this affine
representation is also at the heat of Jean-Marie Souriau model).

This document may not be reproduced, modified, adapted, published, translated, in a
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I Jean-Louis Koszul and Hirohiko Shima
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Correspondant of the

French Academy of Sciences, PhD student of
Henri Cartan, Bourbaki member

Koszul, J.L. Sur la forme hermitienne canonique des espaces
homogeéenes complexes. Can. J. Math. 1955, 7, 562-576.

Koszul, J.L. Exposés sur les Espaces Homogenes Symétriques;
Publicac&o da Sociedade de Matematica de Sdo Paulo: S&o
Paulo, Brazil, 1959.

Koszul, J.L. Domaines bornées homogeénes et orbites de groupes
de transformations affines. Bull. Soc. Math. Fr. 1961, 89, 515-533.
Koszul, J.L. Ouverts convexes homogéenes des espaces affines.
Math. Z. 1962, 79, 254-259.

Koszul, J.L. Variétés localement plates et convexité. Osaka. J.
Math. 1965, 2, 285-290.

Koszul, J.L. Déformations des variétés localement plates. Ann.
Inst. Fourier 1968, 18, 103-114.

Koszul, J.L. Trajectoires Convexes de Groupes Affines
Unimodulaires. In Essays on Topology and Related Topics;
Springer: Berlin, Germany, 1970; pp. 105-110.

Vey, J. Sur les Automorphismes Affines des Ouverts Convexes
Saillants. Annali della Scuola Normale Superiore di Pisa, Classe
di Science 1970, 24, 641-665.

Emeritus Professor of Yamaguchi
university, Phd Student at Osaka University

H. Shima, “The Geometry of Hessian Structures”, World Scientific, 2007
http://www.worldscientific.com/worldscibooks/10.1142/6241

dedicated to Prof. Jean-Louis Koszul (« the content of the present book
finds their origin in his studies »)

H. Shima,Symmetric spaces with invariant locally Hessian structures, J.
Math. Soc. Japan,, pp. 581-589., 1977

H. Shima, « Homogeneous Hessian manifolds », Ann. Inst. Fourier,
Grenoble, pp. 91-128., 1980

H. Shima, « Vanishing theorems for compact Hessian manifolds », Ann.
Inst. Fourier, Grenoble, pp.183-205., 1986

H. Shima, « Harmonicity of gradient mappings of level surfaces in a real
affine space », Geometriae Dedicata, pp. 177-184., 1995

H. Shima, « Hessian manifolds of constant Hessian sectional curvature »,
J. Math. Soc. Japan, pp. 735-753., 1995

H. Shima, « Homogeneous spaces with invariant projectively flat affine
connections », Trans. Amer. Math. Soc., pp. 4713-4726, 1999

Prof. Michel Nguiffo Boyom tutorial : Géométrie de I'Information

http://frepmus.ircam.fr/ media/brillouin/ressources/une-source-de-nouveaux-

invariants-de-la-geometrie-de-l-information.pdf
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I Jean-Louis Koszul and Hirohiko Shima
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I Jean-Louis Koszul and hessian structures

-:|] Hessian Geometry of Jean-Louis Koszul

> Hirohiko Shima Book, « Geometry of Hessian Structures », world )
Scientific Publishing 2007, dedicated to Jean-Louis Koszul . 28

» Hirohiko Shima Keynote Talk at GSI’13

- http://lwww.see.asso.fr/file/5104/download/9914
> Prof. M. Boyom tutorial :

©Thales 2015 All rights reserved

- http://repmus.ircam.fr/_media/brillouin/ressources/une-source-de- Jean-Louis Koszul

nouveaux-invariants-de-la-geometrie-de-l-information.pdf

MimOomMiIES 3wima J.L. Koszul, « Sur la forme hermitienne canonique des espaces homogénes complexes »,
Canad. J. Math. 7, pp. 562-576., 1955

J.L. Koszul, « Domaines bornées homogenes et orbites de groupes de transformations
affines », Bull. Soc. Math. France 89, pp. 515-533., 1961

J.L. Koszul, « Ouverts convexes homogenes des espaces affines », Math. Z. 79, pp. 254-
259., 1962

J.L. Koszul, « Variétés localement plates et convexité », Osaka J. Maht. 2, pp. 285-290.,
1965

J.L. Koszul, « Déformations des variétés localement plates », .Ann Inst Fourier, 18, 103-
114., 1968
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I Study of Koszul Works by Michel Nguiffo Boyom
| Michel Nguiffo Boyom (Institut Montpelierain Alexander Grothendieck)

>

Bridges between differential topology (Feuilletages), and Fisher metric of Information Geometry
have their pillars in KV (Koszul-Vinberg) cohomology of locally flat manifolds and in Koszul
convexity

Connexions are objects of Information Geometry. They are deformations in space of linear
connexions of Koszul connexion that control the geomeitry of statistical model. These connexions
are parameterized by 2-cochaines of KV(Koszul-Vinberg) complexe. Fisher connexion is one of
them. Curvature of Linear Connexion is a value of Maurer-Cartan Polynomial. One raison in favor
of this polynomial is that it controles all locally flat structures via anomalies theory. Nijenhuis,
Koszul, Gerstenhaber, Vinberg & soviet school have initiated study of the connexion locally flat.

Notion of convexity of locally flat manifolds is infroduced by Jean-Louis Koszul. Considerations
that drive this approach find their roots in Geometry of bounded homogeneous manafolds.
Convexity notion infroduced by Koszul is the real analogue of holomorph convexity of Kaup

References:

- M. Nguiffo Boyom and R. Wolak. ransversely Hessian Foliations and Information Geometry:
International Journal of Mathematics, Vol 27, ( 11 )(2017)

- M. Nguiffo Boyom. Foliations-Webs-Hessian-Geometry- Information Geometry -Entropy and
Cohomology . Entropy 12 No 18, 433 (2016).

- M. Nguiffo Boyom. Numerical properties of Koszul connections , arXiv.1708.01108. 3 august 2017



I Koszul-Vinberg Characteristic Function/Metric of convex cone

| J.L. Koszul and E. Vinberg have introduced an affinely invariant
Hessian metric on a sharp convex cone through its
characteristic function.

served.
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| ©is asharp open convex conein avector space E of finite
dimension on R(aconvex cone is sharp if it does not contain
any full straight line).

nt of Thales

| @ isthedual coneof € andis asharp open convex cone.
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| Let d& the Lebesgue measure on E™ dual space of E, the
following integral:

Is called the Koszul-Vinberg characteristic function
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I Koszul-Vinberg Characteristic Function/Metric of convex cone

. | Koszul-Vinberg Metric : [@F= d®logy,

jy/udz log v, du 1jjwuwv(d log v, —dlogl//v)zdudv
= o 2 fu— —
09w 69 =d [Iog jl//u dU] _fl//u du M 2 _” v, v, dudv

| We can define a diffeomorphism by: x* = -, = —d logy, (X)

with (df (x),u) =D, f (x) = %

2

any wo@ ole orin
2015 Al RJT eserve

d,in

© Thales

f(xX+tu)

t=0

| When the cone Q is symmetric, the map X~ = —«, is a bijection and
an isometry with a unique fixed point (the manifold is a Riemannian
Symmetric Space given by this isometry):

(X)) =x <x, x*> =n wo (Xy, - (X7) =cste

| x” ischaracterized by x~ =arg min{z//(y)/ yeQ (X, y)= n}

nsent of Thales -

adapted, published, franslate

written co

modified

without the
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ed to a third p

enft may not be re
| !

ord

1 | x7 isthe center of gravity of the cross section {y = Q*,<x, y> = n}

©

of : * —(£:%) —(&:x) *
= e d&/ |e d
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I Koszul Entropy via Legendre Transform

| we can deduce “Koszul Entropy” defined as Legendre Transform of
(-)Koszul-Vinberg characteristic function @d(X) = —log y (X) :

D (X)) = <x, x*> — D(X)
with X" =D,® and x=D_.®" where ¥a(X)= [e_<§’x>d§ VX e Q
| Demonstration: weset X = _ff e < 9de&/ I§_<§’X>d§
Using {—x",h)y=d, Iogwg(x)——_f(f he gdfl_fe_@ Vd e

and —<x*,x> Iloge (£ e <"5">d§/_fe e5">da§

DO (X)) = —_flog e (&% glegey _fe_<§’x>d§ + log J'e_<‘§’x>d(§
o o

CID*(X*)=|I_“e §X>dfj log _fe HEgeE — _floge () =< X>d§}/]‘e<§x d&

Q



I Koszul-Vinberg Characteristic Function Legendre Transform

O (x7) = (X, x7) —d(x) = —Ilog R S Ie_<§’x>d.§ + log Ie‘<§'x>d§
o o o

D (x7) = [Ie<§’x>d§j. log J'e‘<§'x>d§ _ IIOg e (£%) .e<‘§'x>d§}/ Ie—<§.x>d§
(o) o o o

(&)
_c d
fe “7az

J

@ (x") = log [e ¥?ds — [loge P
o o~

—(&.x) (&%) —(&.x)
., = _ e _ e . e
® (x") =|log [e ™ de. — d& |- [loge . = d& | with — d& =1
é[ é[_[e <~§v>d§ g-!‘* J'e <§’>d§ g-!.*J.e <~§,>d§
| o} o o
D" (x) | e *Y IR
X )=|— i x -109 i x SHANNON ENTROPY
3 Te #de [e #de
(o} o
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I Koszul metric & Fisher Meftric
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| To make the link with Fisher metric given by matrix 1(x), we can
observe that the second derivative of log p, (&) is given by:

log p, (&) =~ (&) = D(x) — (X, &)
%log p, (&) _ *[®()—(x.&)]  a*d(x)

5X2 8)(2 aXZ
o% lo O’ D (X o%lo X
:>I(X)=—E§[ gfx(f)}:_ 2(): gzzug()
OX OX OX

| We could then deduce the close interrelation between Fisher
metric and hessian of Koszul-Vinberg characteristic logarithm.

1) = —E.| 27199 P(£) | _ 27 logya(x)
- x> - ox?
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I Koszul Metric and Fisher Metric as Variance

] We can also observed that the Fisher metric or hessian of KVCF
logarithm is related to the variance of & :

~&x olog ¥ ,(x) (6

log %, (xX)=log [e““d& = D Ee de

“ 5'2[ OX j <5 dé: J‘

82 log ¥ 1 “ >

T
X (J'e@””df o o o
. ) 2
éﬂlongxX) 15 ® ez [ ¢ s = [&£%.p(&)de—| [&.p, (&)de 2
j §x>d§ o J‘e (&) d& o o o X

fol

OX? OX?
105 THALES
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I Definition of Maximum Entropy Density

. | Howto replqc<§ >xby mean valve of &, £(=X")in:
e X

P, (&) = j o ENgs with &= j &, (§)dS
—  dd(x)
| Legendre Transform will do this inversion by inversing £ = ™

| We then observe that Koszul Entropy provides density of Maximum Entropy
with this general definition of density:
o (ee(@)) _
p_( ): -1(z X:®_1 _:®X —
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I Cartan-Killing Form and Invariant Inner Product
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| It is not possible to define an ad(g)-invariant inner product for any two
elements of a Lie Algebra, but a symmetric bilinear form, called “Cartan-
Killing form”, could be introduced (Elie Cartan PhD 1894)

| This form is defined according to the adjoint endomorphism ad,of «
that is defined for every element X of g with the help of the Lie
bracket: ad,(y) =[x, y]

| The trace of the composition of two such endomorphisms defines a
bilinear form, the Cartan-Killing form: '‘B(X, y) = Tr(ad ad )

| The Cartan-Killing form is symmetric: B(X, y) = B(y, X)

I and has the associativity property: B([x, y], z) = B(x, [y, z])
- B([x, y] z)=Tr(ad, ,ad,)=Tr(lad,,ad, jad,)

o B(xyl2)=Tr(ad,[ad, ad,)=B(x[y.z) THALES
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Cartan-Killing Form and Invariant Inner Product

| Elie Cartan has proved that if g is a simple Lie algebra (the Killing
form is non-degenerate) then any invariant symmetric bilinear form on g
is a scalar multiple of the Cartan-Killing form.

| The Cartan-Killing form is invariant under automorphisms o € Aut(g) of
the algebra g : B(a(x),o(y))=B(X, y)
| To prove this invariance, we have to consider:
X, = X),
{a[ yl=[o(. o] __

z=o(Y)
rewritten ad

%, ()] = [o(x), 2]

by =0 cad, co™

B(o(x),c(y))= Tr(ada(x)ado(y) ) — Tr(a cad,ad, o a‘l)
B(o(x), o (y))=Tr(ad,ad, )= B(x, y)
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I Cartan-Killing Form and Invariant Inner Product

: A natural G-invariant inner product could be introduced by Cartan-Killing
form:

ny way, in whole orin

| Cartan Generating Inner Product: The following Inner product defined
by Cartan-Killing form is invariant by automorphisms of the algebra

(x, y) =—=B(x,0(y))
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From Cartan-Killing Form to Koszul Information Metric

B(x,y)=Tr(ad,ad,) Koszul Characteristic Function
Cartan — Killing Form d(x) = —log _fe_<§’x>d.§ VX e O
(x,y)=—B(x,0(y)) o

with @ € g , Cartan Involution
KoszulEntropy

D (X)) = <x, x*> — D(X)

Koszul M etric D (X)) =— [ p (&) log p, (E)DE
160 — —E [62 log px(é)} &
£ X2 Gm with X" = | £.p,(5)dS
2 —(&,%) =
52D (%) o” log J'*e sle Koszul Density
1) ==——72—= gxz o—(&®)
px (é) - J‘e_<§x>dé
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I Relation of Koszul density with Maximum Entropy Principle
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| The density from Maximum Entropy Principle is given by:

P, (£)dS =1

&Py (e)de = X"

- —(x.&)—log fe (&) g
| If we take q, (&) =e "/ J‘e_<éx>dé —e o such that

rjlh(§)d§=:fe<é”d§/[e<@”d5::1
o o o

—({x,&)—log je_<éx>d5

logqg, (&) =loge a =—(x,&)—log _[e g e

1 Then by using the fact that log x = (1 X~ ) with equqlliy if and only if
, Xx =1, we find the following:

p, (&) [ x(f)j
_ | d&é <— 1-— d
AP @lo gt gae =P O TG M rhaLes




I Relation of Koszul density with Maximum Entropy Principle

| We can then observe that:

1_qx(§)jd _ g o
gg*px(e:)[ T & g*px(f)af g{*qx(cf)e:

because [ p, (£)dE = [q,(H)dE =1
Q° o)
| We can then deduce that:

[ P.(©)log P2 ds <0= [ p,(D)10g p. (& <~ [ P (D)I0ga, ()

] If we develop the last inequality, using expression of 4, (<):

-~ j p.(&)log p, (£)dE < — j P, (&) —(x,&)—log | e_<x’§>d§}d§

- j p..(£)log px(é)d.»:<< ff px(f)d§>+|09 Jerodg

— j P, (£)10g P, ()AE < (x,x)—®()  — [ p,(£)log p,(£)dE <D™ (X")



I General Theory: Koszul-Vey Theorem

<« | J.L. Koszul and J. Vey have proved the following theorem:

» Koszul J.L., Variétés localement plates et convexité, Osaka J. Math.,n°2 ,p.285-290, 1965

» Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola
Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970

| Koszul-Vey Theorem:

Let M be a connected Hessian manifold with Hessian metricQ .

Suppose that admits a closed 1-form « suchthat Do = g and

there exists a group G of affine automorphisms of M preserving cx:

-If M /G is quasi-compact, then the universal covering manifold of M
is affinely isomorphic to a convex domain €2 real affine space not
containing any full straight line.

-If M /G iscompact, then Q2 is a sharp convex cone.




I Koszul Forms/Metric for Homogenous Siegel Domains SD

.+ | Koszul Forms for Homogeneous Bounded domains

» Koszul has developed his previously described theory for Homogenous Siegel
Domains SD. He has proved that there is a subgroup G in the group of the complex
affine automorphisms of these domains (lwasawa subgroup), such that G acts on SD
simply transitively. The Lie algebra g of G has a structure that is an algebraic
translation of the Kahler structure of SD.

» There is an integrable almost complex structure J on & and there exists 77 € @ such
that (X,Y) = = ([3X,Y ] 77) defines a J-invariant positive definite inner product
ong . Koszul'has proposed as admissible form 77 € &, “the form <

P(X)=(X,&E) =Trlad(IX)—J.ad(X)] VX cn
> Koszul has proved that{ X, Y ) _coincides, up to a positive number multiple with the

real part of the Hermitian inner product obtained by the Bergman metric of SD by
identifying & with the tangent space of SD. The Koszul forms are then given by:

opies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S

=



I Koszul Forms/Metric for Homogenous Siegel Domains SD

] Koszul Forms

> 1st Koszul Form: o« = —% d¥(X)

Y(X)=Tr,,,[ad(IX )—Jad (X)] VX eq

fA » 2nd Koszul Form: B = D«

| Application for Poincaré Upper-Hal PIOc[me: (ad(Y)z =[v,Zz]

. V={z=x+iy/y=>0} Y =y = J[X,Y]=-Y

g Y X =Y

.~ Iwith x =y~ and {Tr[ad(Jx)—Jad(X)]z 2

| We can de duce that 1Tr[ad (JY i—dJad (gY )]=0 e i
y(X)=22 s a=——dy =220

y 4 2y

— gs? = P dy” Q=1 dxdy

A PAAD
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I Jean-Louis Koszul Forms for Siegel Upper-Half Plane

] Koszul form for Siegel Upper-Half Plane: V ={Z = X +iY /Y > 0}
» Symplectic Group

{SZZ(AZ+B)D_1 with Sz(g\ [B)j and Jz[o Ij

A'D=1,B'D=D'B -1 0

2 with and base o, =| , B = i +€ji
O d d = —aT ! O _ejl ! O O

3p+1

P (dX +idY )= Tr(Y *dx )

P12z Ay 2dZ)

{T(aij )=0

:><Q=—1d\P:
W ,Bij):5ij(3p+1) 4

ds? — 3 p8+ Drr(y tazy 1aZ)
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Filiation Poincare/Cartan/Koszul

« Il est clair que si I'on parvenait @ démontrer que tous

| les domaines homogenes dont la forme

2 log K(z Z) 7,02,

hole orin
%
Q
N
&’

est définie positive sont symétriques, toute la théorie
1 des domaines bornés homogeénes serait élucidée.
{ C’estla un probléme de géométrie hermitienne
| certainement trés intéressant »
o | Derniére phrase de Elie Cartan, dans « Sur les

{ domaines bornés de I'espace de n variables
complexes »n, Abh. Math. Seminar Hamburg, 1935

ed,
Thar

Elie Cartan

Henri Poincaré

(half plane) n=1 (classification in 6

classes of symmetric

homogeneous

bounded domains)
opies, divergences n<= 3

S

Carl Ludwig Siegel

(Siegel space of 1st king and
Symplectic Geometry) :

Lookeng Hua
(Bergman Kernel, Cauchy and
Poisson P‘f‘SiegeI Domains

-

Ernest Vinberg

(Siegel Domains of 2™ kind)

Structure of Information
Geometry
(Koszul Hessian
Geometry)

Jean-Louis Koszul

(hermitian canonical forms of complex
homogeneous spaces, a complex
homogenesous space with positive
definite hermitian canonical form is
isomorphe to a bounded domain,
study of affine transformation groups
of locally flat manifolds)



I Study of Symmetric Spaces and their classification

G(A’B)x :(Ao B)X-l(AO B) avec Ao-B = A1/2(A—1/ZBA—1/2)1/2 AL/2

Euclidean Space: isometry Metric space: isometry
(e.g. space of Hermitian Positive Definite
matrix) g _ GamA
X B= Es(AvB)A
Q,
A+ B = _1/2\1/2
o aes=l > ) [acB=avi(arieae) A E. J. Cartan
1 ) X
A=G,L5B GugX =(AeB)— X +(AeB) °
Gap X =(AcB)X*(A-B) ’
: ot
Courbure nulle A=G,gB Courbure négative
Euclidean space : geodesic Metric Space: geodesic M. Berger
(=]
°y(1) =B »yQ1) =B
./(y(t%= jAH_t(B — A) 3 y(t) = A1/2(A—1/2 BA—llz)t AV/2
7(0)=A t<|01 _ te[01]
i 7©) = A THALES
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I Jean-Marie Souriau

teacherin 1945

- ©Thales 2015 All rights reserved.
|

Joseph Péres

caractéristique)

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin
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| Graduated from ENS ULM (Ecole Normale Supérieure Paris), with Elie Cartan

Souriau PhD at ONERA: J.M. Souriau, “Sur la Stabilité des Avions” ONERA Publ.,
vi+94, 1953 (proof that you can stabilize one aicraft with respect to all positions of
engine: Caravelle), supervised by André LlchnerOW|cz (College de France) &

| Algebre Multi-Linéaire: J.M. Souriau, Calcul linéaire, P.U.F., Paris, 1964;
Algorithme de Le Verrier-Souriau (équation des parameétres du polynéome

| Introduit de la géométrie Symplectique en Mécanique (relecture de Lagrange):
J.M. Souriau, Structure des systemes dynamiques, Dunod, Paris, 1970

ONERA

62,

« Ce que
Lagrange a vu,

P(A)=det(A] — A) =koA" + FyA" ™" + oo + kA + kn .
Q(A) = Adj(AT — A) = A"~ By + A"~2B, + -+ ABp_3 + Ba_1 que na pas vu
ko=1 et Bo—I Laplace,
AP e —-;-lr(,-l,l. Bty At c'était la
A B A T == Ren) structure

n

symplectique »

OPEN
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I Fundamental Book of Jean-Marie Souriau

DEFFATEMENT M8FREN T
Diorige e b Fepfeswws . CCLU YL

STRUCTURE

DES

SYSTEMES
Structure of |
Dynamical Systems Afaiteiies de mautématigues

e s

A Symplectic View of Physics Ll SERURLAE

Tt 7 M e e Ve

B Cudnan
G M Tuyenss
T~ o (e

Birkhduser

http://www.imsouriau.com/structure des systemes dynamiques.htm

http://www.springer.com/us/book/9780817636951

| ] 2] GDR ISIS - Enfropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017

Infroduction of Symplectic
Geometry in Mechanics

Invention of Moment(um)
application

Geometrization of Noether
theorem

Barycentric Decomposition
Theorem

Total mass of an isolated dynamic
system is the class of cohomology
of the equivariance default of
momentum application (for
Gallilee group).

Lie Group Thermodynamics
(Chapter IV on Statistical
Mechanics)

THALES


http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.springer.com/us/book/9780817636951
http://www.springer.com/us/book/9780817636951
http://www.springer.com/us/book/9780817636951

I WHERE IS THE STRUCTURE ?

©Thales 2015 All rights reserved.

Balian, R., Valentin P.,
Hamiltonian structure
of thermodynamics

J.B 21, 2001, pp. 269-
282.

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -

es nhilosonhicaies

J.M. Souriau

with gauge, Eur. Phys.

STRUCTURE:
from latin structura, de struere (to assemble).

e -
= mmm_mnlmnt

I-II-’.

- } TOPOLOO[E GENERALE.
‘irucﬁa.s_
ales"de

La théorie physique
son objet, sa structure

VRERIN

JesnNarke SOURIAU LU B - T HIMa
STRUCTURE

SYSTEMES DYNAMIQUES

Gromoyv, M. In a Search for

Ti-'? a Structure, Part 1: On
qx:_ THE GSOMETRY OF Ent , lv 2012
RN HESSIAN STRUCTURES / 11625 & AU 20

Incims Clow - /
| ] 22 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et géneransees=za viar zoT7 g ) I I I A L E S



I J.L. Lagrange Symplectic Structure (Lagrange’s paper of 1810)

| Symplectic Structure discovered by J.L. Lagrange

» The concept of a symplectic structure appeared in Mathematics much earlier than the word
symplectic, in the works of Joseph Louis Lagrange (1736-1813), first in his paper about the
slow changes of the orbital elements of planets in the solar system, then in a following paper
a little later, as a fundamental ingredient in the mathematical formulation of any problem in
Mechanics.

©Thales 2015 All rights reserved.

» J.-M. Souriau has shown that Lagrange’s parentheses are the components of the canonical
symplectic 2-form on the manifold of motions of the mechanical system, in the chart of that
manifold. Lagrange discovered this notion of a symplectic structure more than 100 years
before that notion was so named by H. Weyl.

| See papers:
» J.-M. Souriau, La structure symplectique de la mécanique décrite par Lagrange en 1811,

Mathématiques et sciences humaines, tome 94 (1986), p. 45-54.

» Charles-Michel Marle, The inception of Symplectic Geometry: the works of Lagrange and
Poisson during the years 1808-1810, Thirty years of bihamiltonian systems, Be dlewo, August 3—-
9. 2008

| ] 23 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S
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I Genesis of the Souriau book « Structures of Dynamical Systems »

| Jean-Marie Souriau, graduated from ENS ULM was the nephew of Etienne Souriau (Philosopher,
collaborator of Gaston Bachelard in Paris Sorbonne University) and grandson of Paul Souriau
(Philosopher) who both have worked on « aesthetic ».

n

SSD book was elaborated in Carthage & Marseille, where Souriau was installed with his wife
Christiane Souriau-Hoebrecht. In 1952 Sovuriau found a position at Institut des Hautes Etudes de Tunis
(8 rue de Rome, Tunis, Tunisie.: hitp://www.persee.fr/doc/remmm _0035-1474 1985 num 39 1 2076
) and was back in Marseille in a position in 1958 at Faculté des Sciences.

The manuscript is given to the editor Dunod in 1969, but only edited in 1970

About the title, we are at the apogee (« acmé » from greek akun) of the STRUCTURALISM in
antropology / sociology / linguistic / philosophy / epistemology in France (Levi-Strauss , Barthes,
Foucault, Althusser, Lacan,...). The word "structure" was in the air of time, fashionable at the
moment, circulating on all the lips (Frangois Dosse, “Histoire du structuralisme | & II”).

After his ONERA PhD Defence in 1953, his PhD supervisor André Lichnerowicz made one comment

« vous avez de nombreuses formes anti-symétriques dans vos calculs, vous devriez vous intéresser

aux sfructures symplectiques » (source: Sur la Symplectisation de la Physique; séminaire histoire des
Z Atri . 2v=

|]_2 4geomeirles 2013, hitps://www.youtube.com/waich?v=hdmBLD44G Y) THALES

GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017
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http://www.persee.fr/doc/remmm_0035-1474_1985_num_39_1_2076
http://www.persee.fr/doc/remmm_0035-1474_1985_num_39_1_2076
https://www.youtube.com/watch?v=hdmBLD44G_Y
https://www.youtube.com/watch?v=hdmBLD44G_Y
https://www.youtube.com/watch?v=hdmBLD44G_Y

Institut des Hautes Etudes de Tunis (J.M. Souriau: 1952 - 1958)

0

n

il

N/ W%yuuu@




This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -

©Thales 2015 All rights reserved.

—_

Reference to Francgois Gallisot in Souriau book

N
o~
Q
%

The Lagrange 2-form

Let us return to the evolution space V' and let us define a priori

aléy)(d'y) = Z({mj bv; — F; 8L, 8'r; — v; 8't)
(12.40) i
—(m; &'v; — F; §'t,6e; — v;6t)) .

It is clear that o is a 2-form on V (definition (4.26)), and that the
differential equation of motion dy € £ (notation (12.27)) implies

(12.41) aléy)(dy) =0 Yé'y,
which, using (4.2), can also be written as
(12.42) a(dy) =0,

Or as

(12.43) oy € ker(o).

The 2-form ¢ was introduced by Lagrange in his study of celestial
mechanics in 1808,'" in a different language of course. Its explicit ex-
pression (12.40) can be found in Gallissot.'*

[15] F. Gallissot, Les formes extérieures en méecanique, Ann. Inst. Fourier
4, (1952), 145-297.

| Souriau was influenced by
Francois Gallissot work:

> Francois Gallissot, Les formes
extérieures en mécanique,
Annales de I'Institut Fourier,
tome 4, p.145-297, 1952

> Francois Gallissoft, les formes
extérieures et la mécaniques
des milieux continus, Annales
de I'Institut Fourier, tome 8, p.
291-335, 1958

Souriau and Galissot both
altended ICM’54 in
Moscow ?

Did they discuss about
1952 paper ?

THALES



modified

Francois Gallissot Work in 1952 based on Elie and Henri Cartan works

LES FORMES EXTERIEURES EN MECANIQUE
par F. GALLISSOT,

1952

INTRODUCTION

La mécanique des systémes paramétriques développée tradition-
nellement d’aprés les idées de Lagrange s'est toujours heurtée a des
difficultés notables lorsqu'elle a désiré aborder les questions de frot-
tement entre solides (impossibilité et indétermination) ou la notion
générale de liaison (asservissement de M. Béghin), d'autre part la
forme lagrangienne des équations du mouvement ne nous donne
aucune indication sur la nature du probléme de l'intégration.

Dans ces célébres lecons sur les invariants intégraux Elie Cartan

a montré que loutes les propriétés des équations différentielles de la
dynamique des syttmes holonomes résultaient de l'existence de
Pinvariant intégral [0, © =pdg'— Hdt. Ainsii tout systéme holo-
nome dont les forces dérivent d'une fonction de forces est associé
une forme w, les équations du mouvemenl! étant les caractéris-

Pour atteindre ces divers objectifs il m'a semblé utile de reprendre
dans le chapitre 1 I'étude des bases logiques sur lesquelles est édifiée
la mécanique galiléenne. Je montre ainsi dans le § 1 que lorsqu'on
se propose de trouver des formes génératrices des équalions du

mouvement dun point matériel invariantes dans les transforma-

tions du groupe galiléen, la forme la plus intéressante esl une forme

extérieure de degré deux définie sur une variélé V. = E ®E®,T

(E, espace euclidien, T droite numérique temporelle)('). Dans
le § 11 on montre qu'd toul syst®me paraméirique holonome & n
degrés de liberté est associé une forme () de degré deux de rang 2n
définie sur une variété différentiable dont les caractéristiques sont les
équations du mouvement (*). Gette forme s'exprime si l'on veul au

moven de an formes de Pfaff et de df, la forme hamiltonienne

n'étant qu'un cas particulier simple. Dans le § 3 ]'indique

sommairement comment on peut s'affranchir de la servilude des

coordonnées dans 1'étude des systémes dynamiques et le rdle impor-

tant joué par I'opérateur i( ) antidérivation de M. H. Cartan (%), le

champ caractéristique E de la forme ) étant défini par la relation

(E)2 = o.

tiques de la forme extérieure dw. Au cours de ces dix dernidres
années, sous l'influence des topologistes s'est édifie sur des bases
qui semblent définilives la théorie des formes exiérieures sur les
variétés différentiables. Il est alors naturel de se demander si la méca-
nique classique ne peut pas bénéficier largement de ce courant
d'idées, si elle ne peut pas étre construite en placant & sa base une
forme extérieure de degré deux, si grice & la notion de variétés, la
notion de liaison ne peut pas étre envisagée sous un angle plus intelli-
gible, si les indéterminations et impossibilités qui paraissent para-
doxales dans le cadre lagrangien n'ont pas une explicalion natu-
a relle, enfin s'il n'est pas possible de considérer sous un jour nouveau

le probleme de l'inlégration des équations du mouvement, ces
I]_27 derniéres étant engendrées par une forme (! de degré deux.

oduced

(') M. Knavrcmexxo a présenté celle conception an VIL® Congras de Mécanique.

(*) Dis 1946 M. Licunenowicz au Bulletin des Sciences Mathémaligues lome LXX,
p- go a déjh introduit les formes extéricures pour la formation des égquations des systémes
holonomes et lindsirement non holonomes.

(*) M. H. Canran, Collogue de Topologic, Bruxelles, 1950, Masson, Paris, 1931,

1y NOT be repr

tm

F. Garrissor, Les formes extérieures en Mécanique (Thése), Durand,
Chartres, 1954,

This documen
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Francois Gallissot Work in 1952 based on Elie and Henri Cartan works

E Tutonime . — Il existe trois types de formes différentielles géné-
- ralrices des équations du mouvemen! d'un point matériel invariantes
- dans les transformations du groupe galiléen

\s= ;- 3 (mdv' — X" dt)"

7’:) 4'1 ! am i

35 i

[e="™ 5 (do! — vty

S v 1

© 3

- B f=3 8y dz' — v'dt)(md'—X/dt) 3 symboles de Kronecker,
Q 1

; C w=Y ky(mdv' — X'di) A\ (de' — v/dt) k;symbole de Kronecker.

ma
part or disclosed to a third party

This document

| ] 28 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017

" Si 'on revient & I'expression de w.

0= ky(m dv' — o di) A (de! — v’ di)
— mb, dv' P\ — mhk ' dv? A dl - kX ot At

dw=—o0 impose a la forme de Pfall k,X'dz’ d'élre fermée, par suite
de se réduire a la différentielle d'une fonction U, d'on

(1, 6) w = mkydv' N\ dz/ — dH /\dl.
Avec H=T — U, T_—Em(u) demi-force vive, U fonction de

force. (I, 6) montre que w est a dérivée extérieure de

w'= E mv' dz' — H dt.

=1

La forme w' engendre l'invariant intégral d'Elie Carlan (10); elle
differe de la forme @' (I, 4) d'une forme fermée.

THALES



I Covariant Gibbs Equilibrium

| Jean-Marie Souriau has observed in 1964 in « Définition covariante des
équilibres thermodynamiques » that Classical Gibbs Equilibrium is not
covariant with respect to Dynamic Groups (Gallilee Group in classical
Mechanic or Poincaré Group in Relativity). Classical thermodynamics
corresponds to the case of Time translation.

ny way, in who\e

- ©Thales 2015 All rights rese

ent of Thales

| To solve this incoherency, Souriau has extended definition of Canonical
Gibbs Ensemble to Symplectic Manifolds on which a Lie Group has a
Symplection Action:

2 (Planck) Temperature is an element of the Dynamic Group Lie Algebra

arty without the prior written con

» Heat is an element of the Dynamic Group Dual Lie Algebra

| In case of non-commutative groups, specific properties appear: the
symmetry is spontaneously broken, some cohomological type of
relationships are satisfied in the qlgebra of the Lie group

PEN TI I
ces et mesures informationnelles classiques et généralisées — 24 Mai 2017 A L E S
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I Gallileo Group & Alebra & V. Bargman Central extensions

- | Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59,

ny way, in who \

© Thales 2015 All rights res:

nt of Thale

t'=t+e

—

X, U
R € SO(3)
Barg
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1954, pp 1-46) has proven that the symplectic cohomology space of the
Galilean group is one-dimensional.

Homogeneous Gallileo group
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I Gibbs Canonical Ensemble on Symplectic Manifold

.| In statistical mechanics, a canonical ensemble is the statistical ensemble
that is used to represent the possible states of a mechanical system that is
being maintained in thermodynamic equilibrium.

ny way, in who \ eor

- ©Thales 2015 All rights res

|| Souriau has extended this notion of Gibbs canonical ensemble on
Symplectic manifold M for a Lie group action on M

onsent of Thale

| The seminal idea of Lagrange was to consider that a statistical state is
simply a probability measure on the manifold of motions

1yw1ho ut the prior writte

| In Jean-Marie Souriau approach, one movement of a dynamical system
(classical state) is a point on manifold of movements.

. ] For statistical mechanics, the movement variable is replaced by a random
variable where a statistical state is probability law on this manifold.

OPEN T I I
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I Gibbs Canonical Ensemble on Symplectic Manifold

.| In classical statistical mechanics, a state is given by the solution of
Liouville equation on the phase space, the partition function.

ny way, in whole or

| As symplectic manifolds have a completely continuous measure,
invariant by diffeomorphisms, the Liouville measure / , all statistical states
will be the product of Liouville measure b}l the scalar function given by the
generalized density function e deflned by:

> the energy |J (defined in dual of Lie Algebra of the dynamic group)

- ©Thale 20 5 All rights reserv d.

nt of Thales

> the geometric temperature 3

rty without the prior written consel

> (D(,B) a normalizing constant such the mass of probability is equal to 1

| The Gibbs equilibrium state is extended to all Symplectic manifolds with a
dynamic group. To ensure that all integrals could converge, the canonical
Gibbs ensemble is the largest open proper subset (in Lie algebra) where
these mfegrals are convergent This ccmonlc:al Gibbs ensemble is convex.
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I Souriau Theorem of Lie Group Thermodynamics
. | Let O be the largest open proper subset of g, Lie algebra of G, such that

J' e Y942 and Ié.e_m Y44 are convergent integrals, this set Q is convex
M M

ny way, in whole

and is invariant under every transformation Ad (), where g — Ad, () is the

ntof Thales - © Thales 2015 All rights rese

adjoint representation of G, such that Ad, =T.i, with i, :h— ghg™ .
let a:Gxag —g a unique affine action a such that linear part is

coadjoint representation of G , that is the contragradient of the adjoint

arty without the prior written conse

representation. It associates to each geG the linear isomorphism ,

ment may not be reproduced, modified, adapted, published, translated, in a

closed to a third p
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Ad; eGL(x") safisfying, foreach £eg’ , X €q: <Ad;(§),x>=<§,Adg-1(X)>
B Ad(B) Qoa(,Q)=Ad(Q+60(g) PoDd-0g?)s

=

I]_33 GDR ISIS - Enfropies, divergence S % S rrmationnelles classiques et généralisées — 24 Mai 2017 o @(ﬁ) - |Og I e_<ﬂyu (é:))dﬂ« T H A L E S

d

h



I Lie Group Action on Symplectic Manifold
G

*

Q" =Q(Ad, (8))= Ad: (Q)+6(g)
|1_34 THALES



I Souriau Model of Lie Group Thermodynamics

TEMPERATURE ‘ HEAT
ﬁ In Lie Algebra In Dual Lie Algebra
éﬁ Gibbs canonical Q* g;F
g% ensemble
Ady(8) Ad;(Q)+6(g)
Sl 7,
FISHER METRIC
o, (82)[p2.)=6,z.[.2,)20 Q)= (5.0)-a(p)
£ o 2 ~(BU(&))
., 0'logfe dA ENTROPY IS INVARIANT
1(B)=1(Ad, (ﬂ))=—(3 L ey (Could be is defintion)
§5 op°? op R
S o(p)=-log [e " da
e LRGN C':4RACTERISTIC FUNCTION [l ENTROPY . ....LES




I Link with Classical Thermodynamics

| We have the reciprocal formula:

B od B oS
o "%
$(Q) = < ﬂ> O(f) = <Q as>
op 8Q

| For Classical Thermodynamics (Time translation only), we recover the

This document may not be reproduced, modified, adapted, published, translated, in a
ty without the prior writt

definition of Boltzmann Entropy:

£ ( oS

P % _ . _d0
§ < — dS -
p== !

OPEN T I I
ures informationnelles classiques et généralisées — 24 Mai 2017 A L E S

—
w
o~
®
O
el
>
wm
m
ie}
Q
Q
3



I Geometric (Planck) Temperature in the Lie Algrbra

| Let a Group G of a Manifold M with a moment map E , the Geometric
(Planck) Temperature g is all elements of Lie Agebra g of G such that the
following integrals converges in a neighborhood of g : 1,(B) = je‘<ﬁ'u>d/1
>(B,U) notes the duality of g and g
> dA is the Liouville density on \

ny way, in whole orin
AATE Al vimdabe rmemnia

| Theorem: The function |, is infinitly differentiable C* in Q (the largest
open proper subset of g) and is n" derivative for all g Q, the tensor
integral is convergent: | (B) = je (BU®" g

| To each temperature g, we can associate probability law on M with
distribution function (such that the probability law has a mass equal to 1):

ePAHBV ) with ®(B) =—log(l,)=-log [e " @dA anaQ(p) = [¢"" " UudA —I—l

Th\'s document may not be reproduced, modified, adapted, published, franslated, in a
ik v AieAlmea A bbb ks i b e mriar b ~amcmnd Af Thalae A Thoalae

> The set of these probalities law is GibBs Ensemble of the Dyna'i‘hlc Group, @ is the

Thermodynamlc Poienhal ond Q is the Geometric Heat Qeg’
|_37 GDR ISIS - Enfropies, diverge mesures informationnelles classiques et généralisées — 24 Mai 2017 I HI‘\Lb :



I Geometric Fisher Metric: Geometric Heat Capacity

. | We can observe that the Geometric Heai Q is C~ function of Geometric

0 0
| This quatratic form is positive, and positive definite for 'gach X e M unless
there exist a non null element z g such that <U Q, Z> 0 (means that the
moment Y varies in an affine sub-manifold of ¢ )

. Temperature g in Dual Lie Algebra g : BearsQen’

%i Q(ﬂ) ‘[ecp(ﬂ) (BU(&)) Udﬂ’_l_l

oD

:; | Wehave: Q=— ~(pU)

op ®(f) =—log [e""*d2

. oQ 1, 1,®1, |,

fz | Its derivative is a 2"d order symmetric tensor: —ﬂ — I_Z_ 1 I I -—Q®Q
0o To

= [e?@ Oy Qleu-Qla R Q&

zz 5,3 M op ?
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I Distribution of probability by Group action

| The distribution density under the action of the Lie Group is given by:

ey @ =0W)=0-(6a)s) P =AG0)

K€ o :q)+<¢9(g), Adgﬂ> 6(g™) =—Ad_6(g)
) ®(B) =-log _[e U4
| The set QO of Geometric Temperature is invariant by the" adjoint action of G

ny way, in who \

- ©Thales 2015 All rights re

nt of Thales

¥, (ﬂﬁ ) = Had,(p)

eproduced, modified, odopfcd p ublished, franslated, in a
prior written co

- | fweuse Q —Z% we have the constraint s -(Q,58)=0

ariy Wi Th ut the

| By derivation of (**), we have: 6(5,2)+(Q,[8,2])=0
B(X.Y):5xa > % () =T,0(X (©)
X, Y 5 (0(X),Y)
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I Geometric (Planck) Temperature
;| We have previously observed that: (:)(,3,2)+<Q,[,3, Z])=0

1 @(X ,Y) is called the Symplectic Cocycle of Lie algebra g associated to
the momentum map J

O(X,Y) =iy 41— Iy, Jy } with {,.}Poisson Bracket and J the Moment Map
» where J, linear applicatfion from & fo differential function on M :

, X —>J
> and the associated differentiable applicationJ, called moment(um) map: =~

J:M g with x> J(x) suchthatJ, (x)=(J(x),X), X eg

x—>C”(M,R)

he
tof Th

| 6(X.,Y) is a2-form of g and verify:
o(X.Y]2)+6(Y,z] X)+6(z,X]Y)=0
| Ifwe define: ©,(2,,2,)=6(2,,2,)+(Q.ad,, (Z,) ) with ad, (Z,)=[Z,,Z,]

. || We can observe that: BeKer®, ®,(8,8)=0 , VBen
Iﬂ.o GDR ISIS - Enfropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 T H lo\ L E S
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I Associated Riemannian Metric: Geometric Fisher Metric

| We can compute the image of Geometric Heat by the Lie Group action:

Q"= Ad;(Q)+6(g)
- | By tangential derivative to the orbite with respectto Z cg and by using
positivity of _9Q . 4, we find:

op
0,(z.[p.z)=0z[p.2)+{Q[z.[5.2])>

| @ is a 2-form of g that verifies:
o(X,Y]2)+o(Y,z] X)+6(z,x]Y)=0

| Then, there exists a symmetric tensor g, defined on ad,(Z)

gﬁ([ﬁ ][IB Z ])— ( 1’[18122]) , X
- ]| With the following invariances: I(Ad (ﬂ)):_a (CD_<‘9(9_ ) ,3>):_82q> _1(p)
slolad, (0))}= s o L7 e

ny way, in whole ol

- ©Thales 20 5 All rights reserv d

onsent of Thales
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I Fisher Metric of Souriau Lie Group Thermodynamics

.|| Souriau has introduced the Riemannian metric

0,(8.2.}15.2.)=6,(2.,5.2.) pekero,
®ﬁ(zl,zz)—®( 1Z,)+(Q.ad, (Z,) ) with ad, (Z,)=(Z,,Z,]
| This metric is an extension of Fisher metric, an hessian metric: If we
differentiate the relation Q(Ad, (8))= Ad: (Q)+6(g)

%(— 2,.81)=6(z,.[8.)+(Q.Ad, (.)) = 6,(z..[.)
—%[zl,ﬁ],z EIED @M1

0°D
o= o - BTlBZ]=6,2.[82,)
.2 || The Fisher Metric is ’rhen a generallzahon of “Heat Capacity”:
- PEo K=-R_ aQ(a(llkT)j e TN _ K a1 with B—cp
: KT 8,8 orT ot oT ot C.D

g o]
(=Y
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Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group

-z || Galilean Transformation: (A e SO(3): rotation
> Gadlilean Lie Group: b d b € R® : boost
0 1 e]| with<_ ; _
0 0 1 d € R” :space translation
e :time translation
( a)X
> [ ' : - ~ 2
Galilean Lie Algebrc.J N G=|w | &and §eR® ceR
i@ a s N
0 1 g |withs Z
0 0 0 -0 o
> Action of Lie Groulp: i@=] o, 0 - |eso@), j(@)F=axF
(A b djr Ar +tb +d X ~0, o, 0
10 1 e|t|=| t+e |withF=|y]|
{0 0 1)1 1 z
143  Gorisis- Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 T H A L E 5



Souriau Gibbs states for Hamiltonian actions of subgroups of the

Galilean group
» Galilean Transformation on position and speed:

—

i V) (A b d)F V) (Af+tb+d AV+b
t 1]|=/0 1 et 1]|= t+e 1
1 0 0 0 1)1 0 1 0

» Souriau Result: this action is Hamiltonian, with the map J, defined on the evolution
space of the particle, Wi’rh value in the QUQI g* of the Lie algebra G, as momentum

map FxV 0 O
J(F,t,¥,m)=mF-t¢ 0 o:m{rxv,r—tv,v,%uvuz}eg*
o v S o
ouplling formula: 2 )
,J(F,t,v,m),ﬁ>:<m{rxv,r—tv,v,luvuz},{*,&,S,g}> i@ a o }
2 Z=| 0 1 &|={3,4,5¢leq
0 0 0
THALES




Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group
| Souriau Demo for Galilean moment map for a free particule

> Definition of moment map: O'(dp)(dp)z—d<J,Z> , Vdp

» Definition of tangent vector field:  Z, (p) = 5[av(p)]

i@ a & A=z
Z=| 0 1 eleq = I =@dxr +at+o
zy (p)=slay (M]| J
0O 0 O N, =dxV;+a

» Lagrange 2 Form:
o(dp)ap)= Y (mdv, &xr; +ét+8 —ve)—(m(@xv, +a) dr —vdt)=—-d(3,2) =-dJ, =—dH

dt) ! & A o
dp=|dr|and op=|d |= o(dp)dh)=(mdv—Fdt,d —vat) - (mév - F&,dr —vdt)
dv N

L > Cooroe 0 - alat2)-aej0@)={B6A-BB IR} e




Souriau Gibbs states for Hamiltonian actions of subgroups of the

Galilean group

| Souriau Gibbs states for one-parameter subgroups of the Galilean group

[}
<

d,ina

d, published, franslate
© Thales

apte

ed, ad

y way, ir
2015 All rights res
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th
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> Souriau Result: Action of the full Galilean group on the space of motions of an

isolated mechanical system is not related to any Equilibrium Gibls state (the
open subset of the Lie algebra, associated to this Gibbs state, is empty)

» The 1-parameter subgroup of the Galilean group generated by g element of Lie
Algebra, is the set of matrices

Az) b(z) d(z)

exp(zf) =

0
0

1
0

TE
1

with <

e

A(z) =exp((®)) and b(r) = (i’i—;(m)‘*]&

d(r) = (ij—;(j(@))“ljé” + e[if—i(j(cﬁ))‘*]&

i—1 iz I!
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Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group

| A gasin a moving box

» Fixed the affine Euclidean reference frame of space (O €.€,,€ )o’r t=0,if we sef
the value 7 =t/ ¢, moving frame (0 € (1),€,(t),€ (t)) velochy ‘and acceleration is
given by the vector field associated ’ro ,8 element of the Lie algebra. Each point
has a rotation speed |@|/ ¢ , speed 6 /& and aceleration @/ ¢ .

» Consider a gas of N point parficles, indexed by i €{1,2, .. ., N}, contained in a box
with rigid, undeformable walls, whose motion in space is given by the action of the
1-parameter subgroup of the Galilean group, made by the A(t/g) with t € R.

> m,r(t),v,(t) the mass, position vector and velocity vector, respectively, of the i
parficle o’r time t.

» Assumption: free particle with neglection of contributions of the collisions of the
porTicIesNbeTween themselves and with ’rhe(/olls:

(3,8)=>(3;, B) with (J,(F,t,v,,m), 8)=m, cT).(FixVi)—(Fi—tVi).&+Vi.5—%“Vi“2gJ
> Invononc_:le <J|,,B> is s invariant by the action of 1-parameter subgroup

2 %
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Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group

] Invariance of (J;,8)

2 If the action of the 1-parameter subgroup is exp(iﬁj
: : . £
» According to Souriau equation:

a(g,J) = Ad;(J)+6(g)
We obtain:  (J,(p), B) = <Ad*(J-(po),ﬂ>+<e(g),ﬂ>
(3,(p), B) =(3,(po), Ad . B)+(6(9), B)
A
= (J, 3,(po),
{Q(Q),B (). B)=(3:(po) )
att=0then (J;(F,t,v,,m) m,| &.F, x V., )— r.&’+\7i0.5’—1H\7iH25j




Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group

*

> By change of variable: U :E(*x*0+5)
£

(3,E.85,m),8) =mef -2, -0

» We can then write:

2

<Ji(ﬁ0’r)i0)’:8>:_5 —i“ﬁi0‘2+mi fi(ﬁo) with ¢ = ——
m

W|th < ~ R = 1 L 5\’ — ~ 1 2
fi(rio): iO'g_? X rioH2 ___(QX l'io)——H5H
» Gibbs density is given by: L &€ «c& &\ €

R(6)= [erol-(3. AW, . QB)= [3,ex-(3, )W, et P(A)=TTR(H)

M
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Souriau Thermodynamics of butter churn (device used to convert
cream into butter) or “La Thermodynamique de la crémiere”

| If we consider the case of the centrifuge
&=ak,,d=0and 5=0

ny way, in who \

Rotation speed : i
&

- ©Thales 2015 All rights re

2

o) = e rof

with A =€, xF,| distance to axis z

1 1 5 e (@ .
» the behaviour of a gas made of point por’ncles of various

masses in a centrifuge rotating at a constant angular velocity —

(the heavier particles concentrate farther from the rotation ¢

axis than the I|gh’rer ones)

) :
OPEN
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Rationale

| Objective:

>

We will generalize Souriau theory of “Lie Groups Thermodynamics” in the framework of higher order
thermodynamics as infroduced by R.S. Ingarden for mesoscopic systems

Motivation:

>

Souriau Geometric Theory of Heat is well adapted to describe density of probability (Maximum Entropy Gibbs
density) of data living on groups or on homogeneous manifolds.

For Small Data Analytics (Rarified Gases , sparse statistical survey,...), density of maximum entropy should
consider Higher Order Moments constraints (Giblbs density is not only defined by first moment but fluctuations
request 2nd order and higher moments) as infroduced by R.S. Ingarden.

Solution:

>

Use of Poly-sympletic model introduced by Christian GUnther, replacing the symplectic form by a vector -
valued form.

The polysymplectic approach generalizes the Noether theorem, the existence of momentum mappings, the Lie
algebra structure of the space of currents, and the classification of G-homogeneous systems.

The formalism is covariant, i.e. no special coordinates or coordinate systems on the parameter space are used
to construct the Hamiltonian equations.

| ] 53 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S



I Higher Order Thermodynamics & Gibbs Density

| Polish School works by Ingarden and Jaworski

» Boltzmann ideal gas model can fail if the number of particles is not large enough (rnesoscopic
systems), and if the interactions between particles are not weak enough. Gibbs hypothesis can
also fail if stochastic interactions with the environment are not sufficiently weak.

15 All rights reserved.

©Thales 20

» Ingardenin 1992 and Jaworskiin 1981 have introduced the concept of second and higher-
order temperatures, by assuming a distribution function which includes information not only on
the average of the energy but also on higher-order moments, in particular 2" moment related
to fluctuations.

» Ingarden proposed that if we can measure the second cumulant of the energy (the fluctuation
of the energy), the equilibrium state is not the canonical state, but would need a second higher
order temperature.

» Jaworski showed that the maximum entropy inference has a certain stability property with
respect to information corresponding to higher order moments of extensive quantities. It can
serve as an argument in favor of the maximum entropy method

t may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

1 s
P(X) =M 5 1 (X) =L g AR AHEUF (L)

Z ( 5] ) k T (Bire ) 7
p 130 P
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I Higher Order Thermodynamics & Gibbs Density

| Ingarden Higher Order Model of Gibbs Density

> Entropy: S = —j P(ﬂl ’’’’’ )(X) log F)(ﬂ1 _____ )(X)dX ]
n n _Zﬂkxk
> Massieu Potential: /80 — —|()g Z( 1,___”b’n) with Z=1]e dx
» Legendre Transform Preservation: S = Z'BK E(Xk )-I— |Og / :Z:Bk % — :Bo
k=1 a a I 2:1 aﬂk
» Higher Order Moments (Heaf): Qk = E(xk ): ﬁ = — 09
op op

—Zﬁk
k -1 ~ [k
Q, = E(x ):Z _[x e dx_jx R, (X)X
¥ » Higher-order Temperatures and Capacities:
5- 5(QQ) gng k-
155 o o - 0Q.. © 0B THALES




I High Order Temperature Model by R.S. Ingarden

n

> (BUN©)

o(ppy S0 GT o

:z | High order thermodynamics

» High order moments:

Q = n
Opy (Bt (5)
J‘e k=1
M n
—Z(ﬂk u ()
» High order characteristic function: ®(4,,..., #,) =—log Ie do
. oS (Q,,..., 15,
» High order temperatures and capacities: f, = (Ql Q) K, =— Q
Q P
n
> Entropy: 8(Qu.1Qu) = 2(B Q) = @By Br)
) 0 -3V ©)
(B UK (E))-D(Br ) e
> High order Gibbs density: Pgipps (&) = € = a )
£ j e ! k 0,
156 Gorisis- ntropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 M T H IQ\ L E S



I Preservation of Legendre Structure by Higher Order Thermodynamics

: :

5 ‘
c
£0 !
6 g !
RO |
o0 {
< 5
s c
£ .
=
o <
2w !
| 5

& M
o] A ’ ’
P - )
€3 l — rho - '
02 ; y a-.

.

E; LEGENDRE TRANSFORM FOURIER/LAPLACE TRANSFORM
=Y BE()+logz P
kZzllﬁk () log Zﬂk 5ﬂk — by ,BO:—IogZ(ﬂl,...,ﬂn):—logje 1 dx
; S = _I P,Bl ..... B n)(X) Iog P(ﬁl,...,ﬁn)(x)dx ‘

i to a third p
QO
Il
m
—_—~
>
~—
|

3 !
£ 3 ——————————————————
E2
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I Higher Order Maximum Entropy Density

| Simple and explicit example given by Ingarden

> Maximum Entropy: f‘(‘f) ——r—r——r—
+00 05- | n:“ |
S(P)=—J‘P(x)log P(x)dx e N
—00 0.4 n=2 .
» Under the constraints: oa) /1 (cavsa) ,_

P(x)>0 +j:OP(x)dx =1 E(XZ”)= TXZ"P(X)dX =0 42

» Maximum Entropy Density: 0.1 I
1 X2n
P(x) = T exp[— 2n0'2"J: f,(x) T30 "0 T 60 " 10 " 20x
2(2n)" o I'(1+1/2n 2I°(1+1/2n
> Hig(h rder T(emrl)/ero)’rures: B, = 1 — Z(8,)= ( Mln/ ) 1
2no B, S(P) = log Z(,Bn)+2—
n

0logZ(B) _ a_ E(x*)- (2n)"o*r(1+(2k +1)/2n) E(x*1)=0
Liss . OB, (2k +1)r(t+1/2n) THALES



I Higher Order Maximum Entropy Density

| Simple and explicit example given by Ingarden

> Maximum Entropy: mrg " - . .
S(P) =—jP(x)Iog P(x)dx o]

O -
» Under the constraints: 064

?P(x)zo +j:OP(x)dx:l E(xzn):Tx“p(x)dX:Gn 04
| ) 0 _

» Maximum Entropy Density:

Xn 0.0 1 l Y —
P(X) = — exp[— — J = f (x) 00 05 10 15 20 x 25
= o
I(1
> High Orger(tetn]/pne)ro’rures B = 1 Z(ﬂn):_l“(lgﬁ/n)
_ﬁlogZ(ﬂk)zak ZE(Xk>— n JKFG_+ k+1/ ) n S(P):IOgZ(ﬁn)+_

5 K+
e OB (keredin) THALES



I Example of Multivariate Gaussian Law (real case)

.. || Multivariate Gaussian law parameterized by moments

i 1 —E(z—m)T R (z-m)
. = e 2

| pé: (5) (Zﬂ)nlz det(R)llz
%(z -m)' R™(z—m) = %[ZTR‘lz -m'R7z-2"R m+mR7m| Gaussian
Density is
LR omR Yz TR ¢ y
2 2 a 1s' order
) - 1 e—[—mTRlﬂizTRlZ} _ 1 e Maximum
- Pe)= LR - Z ity |
(22)" det(R)?e? Entropy Density |
z -R™m| [a
9&:{ T} and f=| 1. :{H} with <§,,B>:aTz+zTHz=Tr[zaT+HTzzT]
2z 5
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I Poly-symplectic extension of Souriau Lie Groups Thermodynamics

| We introduce poly-symplectic extension of Souriau Lie group
Thermodynamics based on higher-order model of statistical physics
infroduced by R.S. Ingarden. This extended model could be used for small
data analytics.

ny way, in whole orin

- ©Thales 2015 All rights reserved.

: || Initiated by Christian Gunther based on n-symplectic model, it has been
shown that the symplectic structure on the phase space remains true, if we
replace the symplectic form by a vector valued form, that is called
polysymplectic:

nt of Thale

» Gunther C., The polysymplectic Hamiltonian formalism in field theory and calculus
of variations I: The local case, J. Differential Geom. n°25, pp. 23-53, 1987

» Munteanu F., Rey A.M., Salgado M., The GUnther's formalism in classical field theory:
momentum map and reduction, J. Math. Phys. bf, n°45, vol. 5, pp.1730-1751, 2004

2 Awane A., k-symplectic structures, J. Math. Phys., vol. 33, pp. 4046-4052, 1992

> A. chme M Goze Pfofﬂons stems, k-symplectic systems. Sprin ,.200
I_é] GDR ISIS - Enfropies, diverge esures informationnelles classiques et gén \yZAM 2017 J<ENy p y p g%IZ?RLES

This document may not be reproduced, modified, adapted, published, 1‘ nslated, in a
arty without the prior written conse

part or disclosed to a third p



I Gunther formalism of Poly-Symplectic Geometry

.| The Ginther formalism is:

ny way, in who \

» based on the notion of a polysymplectic form, which is a vector valued
generalization of symplectic forms.

- ©Thales 2015 All rights re

» Hamiltonian formalism for multiple integral variational problems and field theory
presenfted in a global geometric setting

nt of Thales

| Gunther has intfroduced in this poly-symplectic formalism:

2 Hamiltonian equations

modified, adapted, published, translated, in a

» Canonical transformations

arty without the prior written conse

reproduced,

» Lagrange systems,

ot be

part or disclosed to a third p

» Symmetries,
» Field theoretic momentum mappings,

This document may n

» A classification of G-homogeneous field theoretic systems on a generalization of
coodjom’r orbits.
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I Gunther formalism of Poly-Symplectic Geometry

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -

©Thales 2015 All rights reserved.

| 6 Ginther conditions for a multidimensional Hamiltonian formalism :

>

CO0: For each field system, an evolution space can be constructed, which describes the states of the system
completely.

C1: The evolution space carries a geometric structure, which assigns to each function (Hamiltonian density) its
Hamiltonian equations.

C2: The geometry of the evolution space gives 'canonical transformations’, i.e. the general symmetry group of
a system independently of the choice of Hamiltonian density.

C3: The formalism is covariant, i.e. no special coordinates or coordinate systems on the parameter space are
used to construct the Hamiltonian equations.

» C4: There is an equivalence between regular Lagrange systems and certain (regular) Hamiltonian systems.

> C5: For one dimensional parameter space the theory reduces to the ordinary Hamiltonian formalism on

symplectic manifolds in classical mechanics.

Hamiltonian field theory by J.E. Marsden is not covariant, because C3 is not verify ! (it causes
problems in relativistic theories) : R. Abraham & J. E. Marsden, Foundations of mechanics, 2nd
ed., Benjamin and Cummings, New York, 1978

Multisymplectic approach by Tulczyjew, based on general theory by Dedecker,do not satisfy C1
and C2! -
I]_63 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 o T H A L E S



I Gunther formalism of Poly-Symplectic Geometry

:z || The key idea for this generalized Hamiltonian formalism:

» to replace the symplectic form in classical mechanics by a vector valued, so
called polysymplectic form

ny way, in whole

- ©Thales 2015 All rights res

» The evolution space of a classical field will appear as the dual of a jet bundle,
which carries naturally a polysymplectic structure.

sent of Thales

» The polysymplectic form will assign to each function on the evolution space the
Hamiltonian equations via the 'musical morphisms.'

» Canonical transformations are bundle isomorphisms leaving this polysymplectic
form invariant.

arty without the prior written con

| The polysymplectic approach not only recovers all classical results but
leads globally and locally to many new results generalizing the Noether
theorem based on canonical transformations, the existence of momenium
mappings, the Lie algebra structure of the space of currents, the reduction
procedure, and the classification of G-homogeneous systems.
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I Gunther model inspired by J.M. Souriau

| Christian Gunther work was inspired by the symplectic formulation of
classical mechanics by Jean-Marie Souriau:

ny way, in who\e

2 J. M. Souriau, Structure des systemes dynamiques, Dunod, Paris, 1970

©Thales 2015 All rights rese

| and by the work of Edelen and Rund on a local Hamiltonian formulation of
field theory:

ntof Thales -

» D. G. B. Edelen, The invariance group for Hamiltonian systems of partial
differential equations, Arch. Rational Mech. Anal. 5 (1961) 95-176.

2 D. G. B. Edelen, Nonlocal variations and local invariance of fields, American
Elsevier, New York,

arty without the prior written conse

2 H. Rund, The Hamilton-Jacobi theory in the calculus of variations, Van Nostrand,
Princeton, NJ, 1966

| D. G. B. Edelen work is a coordinate version of the local polysymplectic
approach of Gunther.

OPEN T I I
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I Poly-symplectic extension of Souriau Lie Groups Thermodynamics

* (n) * . o .
2 This extension defines an action of G over g x..xg called n-coadjoint action:

Adg(") :Gx(g X ... XQ j—)g X .. X0

O X 1y XX f1 > Ad;(”)(ﬂl,...,yn): (Ad;,ul,..., Ad;,un)

Lo .
> Letf ,u:(,ul,...,yn) a poly-momentum, element of g x..xg , we can define a n-

coadjoint orbit O, =0, ) atthe point ¢, for which the canonical projection:
* (n) * *
Pr.:g x.xg —>g |, (vl,...,vn)H V,
induces a smooth map between the n-coadjoint orbit Oﬂ and the coadjoint orbit
O .
Hic

7Z'k'o _O(#l )—)O

that is a SUI’JeCTIVG submersion with [ |KerTz, ={0}
k=1
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I Poly-symplectic extension of Souriau Lie Groups Thermodynamics

| 167

» Extending Souriau approach, equivariance of poly-moment could be(s;rudied to

prove that there is a unique action af.,.) of the Lie group G on g x..x@ fOE |
n
which the polymoment map with xeM and geG : JM = (Jl " ) Moo x.Xq

that verifies: 3™ (q)g (X)): a(g,3™(x)) = Ad;® (J (n) (X))+ 6™ (q)

with - AdZ®(3™ (x))=(Ad; 3%,..., Ad73") and - 6™ (g) =(6*(g),... 6"(g))
> 6" (q) is apoly-symplectic one-cocycle
» We can also defined poly-symplectic two-cocycle:
O =(6",...6") with &(X,Y)=(0(X),Y)=Jf -3k, 3}
where @(X)=T.0*(X (e))
2 the poly-symplectic Souriau-Fisher metric is given by:

0,(8.2.)2,)=diag|6, (2,2,)| ., vZ, e, vZ, cIm(ad,()) B = (B, B,)
- o0(B,s ) =
0,(2,,Z,)=- (8,8 )=® (2,,2,)+(Q..ad, (Z,) ) THALES

k




I Poly-symplectic extension of Souriau Lie Groups Thermodynamics

» Compared fo Souriau model, heat is replaced by previous polysymplectic model:

_f U (), e—;(m The (§)>da)

a® PR | n - * (n) *
Q =Lnh) i With Q=(QuQ,) et x xg
P (AU ©)
_[e k=1 dw
M (AU ()
» with characteristic function: ®(4,,..., ,) =—log Ie -t do

> We extrapolate Souriau results, who proved that U ® (§).e_<ﬂk’u® @)

do islocally
normally cc()nvergen’r using HU ®"H = Sup E U> aMmulti-linear norm and where
U® =U ®U ...®U is defined as a tensorial product.

» Entropy is defined by Legendre tfransform of Souriau-Massieu characteristic function:

5(Qu Q)= i:<ﬂk,Qk>—<D(ﬂ1,...,ﬁn) witn = Qi)
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I Poly-symplectic extension of Souriau Lie Groups Thermodynamics

» The Gibbs density could be then extended with respect to high order
temperatures by:

n

" 2 (BN
O(f S D (AUTE) @ 2\ ALTE)

Painps($) =€ “ =

e 2laue)
with y®* -y ®U ...QU and CI)(,Bl,...,ﬂn)z—logje - dw

o 85(Q Q)

0Q,
:8(1)('861"""8”) with Q=(Q1,...,Qn)eg*xfr.1?><g*

-

Q

J k
p=L2QuR) iy g (4. 5,)cax xa
169 : 0Qy THALES




Questions ? CARTHAGE & MASSILIA: Mediterranean Root of Souriau SSD
Book Institut des hautes études, 8 Rue de Rome, Tunis)

E— — LA ——

- "b
A 4 TUNIS - Rie dn Rome «1 la Socit mnm/

BRAUDEL

La Méditerranée

L'espoce
et I'histoire

Héméroskopeion Battle between
Carthage & Massilia, 490 BJC

Massilia
(Marseille

Champs Msteire
En effet, son mari

est nommé en 1952 4 I'Institut des Hautes Etudes de Tunis ; leur installation en Tuni-
sie, plus précisément 4 Carthage, lui apporte la vision d’'un monde nouveau

£ J'allais donc rue de Rome, o était situé I'lnstitut, et fit la connaissance du secrétaire,
] o . » o . . . » . .

£ Smerly, frére d'un grand poéte tunisien. Par la suite. je rencontrai les collégues, les historiens
I ; Frezouls, ancien membre de I'Ecole de Rome, Ganiage. historien de I'époque moderne, les

juristes Percerou, De Bernis, les scientifigues Diacono, Souriau, ele.
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I Affine representation of Lie group and Lie algebra by Souriau

3

| Souriau called the Mechanics deduced from his model:“Affine
Mechanics”

ny way, in whole orin

| Let G be a Lie group and E a finite-dimensional vector space. A map

A:G — Aff (E) canalways be written as:
A(9)(X) =R(g)(x)+6(g) with geG,xeE

where the maps R:G —> GL(E) and &:G — E are determined by A.
The map A is an affine representation of G in E.

ntof Thales - © Thales 2015 All rights reserve

arty without the prior written conse

| The map 8:G — E is a one-cocycle of G with values in E, for the linear
representation R; it means that @ is a smooth map which satisfies,

forall g,heG:

This document may not be reproduced, modified, adapted, published, translated, in a
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I Affine representation of Lie group and Lie algebra by Souriau

s | Let g be a lie algebra and E a finite-dimensional vector space. A linear
~ map a:.g— aff (E) always can be written as:

a(X)(x) = r(X)(x) + ©(X) with X eg,x e E

I where the linearmaps r:q@ — gl(E)and ®:q — E are determined by
a. The map a is an affine representation of G in E.

y way, in whol
hales 2015 All rights res

lated, in any way, in ole
T

£
O]
O
)
c

nt of Thales

| The linear map @ ;g — E is a one-cocycle of G with values in E, for the
linear representation r; it means that © satisfies, forall X,Y €q :

o[ X, Y ) =r(x)(©(Y))-r(Y)(©(X))

| ® is called the one-cocycle of g associated to the affine representation a.

ed, adapted, published, tra

prod d, modified, ad
ty without the prior writt

o
o
)

dp

5

t may not b
scl d t th

] the associated cocycle ® : g — E is related to the one-cocycle 8:G — E
7 O(X)=T.H(X(e) . X <u
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I Equivariance of Souriau Moment Map

. ]| There exists a unique dffine action @ such that the linear part is a
coadjoint representation:

a:Gxg —>w
a(g,$) =Ad_.&+06(9)
with <Ad*_1§, X> :<§, Ad X>

| that induce equivariance of moment ] .

ny way, in who \

- ©Thales 2015 All rights res

nt of Thales

This document may not be reproduced, modified, adapted, published, translated, in a
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I Action of Lie Group on a Symplectic Manifold

i Jlet @:GxM — M be an action of Lie Group G on differentiable
manifold M, the fundamental field associated to an element X of Lie
algebra @ of group G is the vectors field X on M:

x L (X) =— d eXp(tx)(x)< with @Ql(cpgz(x)):q>glgz(x) and @, (X) = X

t t=0

ny way, in who\c

Tha \ 2015 All rights resel

nt of Thale

| @ is Hamiltonian on a symplectic manifold M , if @ is symplectic and if
forall X €, the fundamental field X is globally Hamiltonian.

| There is a unique action a of the Lie group G on the dual !I of its Lie
algebra for which the moment map J is equivariant, that means satisfies

foreach XM 3(a, (x))=a(g, I (x)) = Ad . (3(x))+ 6(0)
ey 0> TO(X).Y) =(O(X),Y) = O(X,Y) = Iy~ 1. 3, )
s o 0(X, Y] Z2)+0(Y, 2] X)+0(z,X]Y)=0 THALES

cument may not be reproduced, modified, odopT d p bl‘\shcd,f \ T d
arty without the prior written

d closed to a third p
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I Affine representation of Lie group and Lie algebra by Koszul

| Let Q2 be a convex domainin R" contain; ng no complete straight lines,
and an associated convex cone V (Q2) = {(/IX X) ceR"xR/xeQ,1eR” }

Then there exists an affine embedding: X
lXeQ> . eV (Q)

ny way, in who\c

- ©Thales 2015 All rights rese

. | fwe consider 7] the group of homomorphism of A(N,R) into GL(n+1,R)

given by: s AR) r(o) qg-s)} e GL(n+1LR)

nt of Thale

tq
: ]| and associated affine representation of Lie Algebra: 0 0

rty wTh ut the prior written conse

| with A(N, R) the group of all affine transformations of R" . We have
(G (Q)) - G(V (Q))cmd the pair (77, €) of the homomorphism

|L77 :G(Q) - GV (Q)) andthe map £:Q -V (Q) is equivaippy A LE S

d m 1m ay not be reproduced, modified, adapted, published, T nslated, in a
closed to a third pa



I Affine representation of Lie group and Lie algebra by Koszul

;|| Let (G a connex Lie Group and E areal or complex vector space of
finite dimension, Koszul has introduced an affine representation of G in E
such that the following is an affine fransformation: £ — E

ny way, in whole ol

ar—~sa VseG

. ] Weset A(E) the set of all affine fransformations of a vector space E , a
Lie Group called affine transformation group of E . The set GL(E) of all
regular linear fransformations of E , a subgroup of A(E) .

ntof Thales - © Thales 2015 All rights reserv:

| We define a linear representation from E to GL(E):
f:G — GL(E)

sto>f(sya=sa—so VaeE q:G—>E
| and an application from G to E :

arty without the prior written conse

s—>q(s)=so0 VseG

. | Thenwe have ‘v’S t e G : f(s)q(t)+a(s) = q(st)
|_77 CPREERepes dverae e S () L als) = sqlt) ~ s+ so = sq(t) = sto = q(st) THALES

This docume 1m ay not be reproduced, mo dfed, adapted, published, T nslated, in a

part or disclosed to a third p



I Affine representation of Lie group and Lie algebra by Koszul

=z ]| On the contrary, if an application q from G to E and a linear
_ representation f from G to GL(E) verify previous equation, then we
can define an affine representation of G in E , written (f, q) :

Aff (s):ar—>sa=f(s)a+q(s) VseG,VacE

§ I The condition f(s)q(t) +q(s) = q(st) is equivalent to requiring the
following mapping fo be an homomorphism: Aff :s € G~ Aff (s) € A(E)

ny way, in whole

© Thales 2015 All rights res

hed, # lated, in a

nt of Thal

%
=
g
o}
&

fied, adapted, publi

prior written conse

| We write f the linear representation of Lie algebra g of G, defined by f
and ( the restriction to g of the differentialto ¢ ( f and J the
differential of f and ] respectively), Koszul has proved that:

f(X)ay) - f()aX)=a(X,Y]) vX,Yeg
with f:ga—gl(E) and q:a—E

Where gl(E)the set of all linear endomorphisms of E the Lie al?eHbr;l\olf_CéLéE)

arty without the

This document may not be reproduced, mod

part or disclosed to a third p
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I Affine representation of Lie group and Lie algebra by Koszul

on E , using an affine coordinate system Xt xX"ton E ,wecan

express an affine mapping v f(X)v+ q(Y) by an (N+1) x(n+1)

matrix representation: f (X) g (X)
aff (X) :{ ) ) }
| where f (X) is a NXN matrix and C](X) is a N row vector.

| Conversely, if we assume that  admits {:n affine rfpresen’rqhon (f CI)

ny way, in who\c

- ©Thales 2015 All rights rese

nt of Thales

| If we denote g_. = aff (a), we write G_.. the linear Lie subgroup of

arty without the prior writte

GL(n+1R) generated by g . An element of S € G4 is expressed by:

AFF (5) = r(g‘) qﬂ

OPEN T I I
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Affine representation of Lie Group and Lie Algebra
by Souriau and Koszul

Souriau Model of Affine Representation of Lie
Groups and Algebra

Koszul Model of Affine Representation of Lie
Groups and Algebra

A(g)(x) =R(g)(x) +0(g)withgec G,x € E
R:G—=GL(E)and #: G = E

Aff(s):arssa=f(s)a+q(s) ¥Ys€G,YaeE

f: G — GL(E)
s f(sla=sa—so YaeE
q:G—E
s—q(s) =s0 ¥seG

8(gh) = R(g)(0(h)) +0(g) withg,h € G
#: G — E is a one-cocycle of G with values in E,

q(st) = f(s)q(t) +q(s)

a(X)(x)=r(X)(x)+O(X)withX €g,x € E
The linear map © : @ — E is a one-cocycle of G with
valuesin E: O(X) =T (X(e)), X €

v—= f(X)v+4q(Y)
f and g the differential of f and q respectively

O ([X,Y]) = r(X) (O(Y)) —r(Y) (O(X))

q([X,Y]) = f(X)q(Y) = f(¥Y)q(X) ¥X,Y € g
withf:g— gl(E)andg: g~ E

none af f(X) = f(é() q(;()
none Aff(s) = [ f([)S) qgf) ] E S




Link between Jean-Louis Koszul and Jean-Marie Souvuriau:
Small Green Book

z]] Jean-Lovuis Koszul Lecture in China 1986

9]
z
o
A

O

0]

> “Introduction a la géométrie symplectique”, in Chinese

ny way, in whol

i R E L

» Chuan Yu Ma has written

- This beautiful, modern book should not be absent from any
institutional library. .... During the past eighteen years there
has been considerable growth in the research on
symplectic geometry. Recent research in this field has been
extensive and varied. This work has coincided with
developments in the field of analytic mechanics. Many new
ideas have also been derived with the help of a great
variety of notions from modern algebra, differential
geometry, Lie groups, functional analysis, differentiable
manifolds and representation theory. [Koszul's book]
emphasizes the differential-geometric and topological
properties of symplectic manifolds. It gives a modern
treatment of the subject that is useful for beginners as well
as for experts.

OPEN T I I
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sent of Thales - © Thales 2015 All rights re
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I Le chainon manquant entre Jean-Lovuis Koszul et Jean-Marie Souriau:

172. M. ® (M, ) B—EH# Hanilton G-25,
: mt Mgt
R (M, @) ty—AEs

nslat

() MERE s€ G,

| On refrouve dans le livre de Koszul, les équations de Souriau:

| ] 82 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017

9u(s) = alsx) — Ad*(Inlx) 2]
- B REMT A € M —A K. 1261
(i) SHEMI 5, 1€ G & (27
Pulst) = @u(s) + Ad*()palr).
Giii) RHEMI o, bEo A =
%é "ﬁ(ﬂs b) = (d?n(")s 5)9 Ei?i
L ea HBEIU S16.
g MG X o Bl o* RS
[(e5 E)t—>5E = 4d*()E + @u(s), s€ G, E€0°,

Phyuea, 1. D, 339—374 1980.

E. B. Vinberg, The theory of convex homogenoous cones, Moscow
Math. Sac., 12, 1963.

N. R. Wallach Symplectic geometry and Fourier analysis, Math. Sci.
Press, Brookline, Mass, 1977.

A. Weil, Variétés kaehleriennes, Hermann, Paris, 1958.

A. Weinstein, Symplectic manifolds and their Lagrangian submanifolds,
Adv. Math., 6, 329346, 1971.

———————, Lectures on symplectic manifolds, C. B. M. S. regional
conference series, 29, A. M. S. Rhode Island, 1977.

H. Weyl, Classical groups, Princeton University Press, 1946.

FES, FRNERERMERR, LEBEEABEKL, 1963,
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I Développements de Koszul du modéle de Souriau (1/3)

>Notations: Ad.a=sas™ , seG,aex, ad,b=[ab], acgben
Ad::tAds_l , seG

> proprietés: Ad,, . =exp(—ad,), aeg Ad,,,=exp'(ad,), acs
> Propriété de I'application moment u: U M —)Qéﬁ XH—SX , X& M
(du(v), a) = w(ax,v)

d(Ad; o p,a)=(Ad du,a)=(du, Ad_,a)

(du(v), Ad a)= ols tasx,v)= w(asx, sv) (du(sv),a) = (d(uos,, ,a)kv)

a)=

d<AdSo,u,a> <,uos <,uoSM—AdSo,u,a>=O
163 THALES



I Développements de Koszul du modele de Souriau (2/3)
> Cocycle symplectique: Qﬂ (s) — ,U(SX) — Ad :,U(X) . seC
6, (st) = p(stx) — Ad g u(x) = 0,,(s) + Ad, u(tx) — Ad, Ad, £(x)
0,(st)=0,(s)+Ad.0,(t)
>euce de: C,(a,b)=(d@,(a),b) , a,bex
du(ax)="ad,u(x)+d6,(a) , xeM,acq
(duu(ax),b) = (u(x),[a,b]) + (d6, (a), bf —{(.a), (11,0)j¥), xeM,a,beg
c,(a b)=1{(e.a), {u,b)}~(u[a,b])=(do,(a)b) , abeg
c,(ablc)+c,(b,cla)+c,(c,alb)=0, ab,cen

(@), 4 (0)}={(w ), (1)} =1 (@ b]+c, (@ b))= " {a, b},

|£34>Pr0|or|e’re U= ,u+(D:>C (a b) C (a b) < [,b]> THALES



I Développements de Koszul du modéle de Souriau (3/3)

» Action du groupe sur le dual de I'algeébre de Lie:
Gxa —a ,(5,E)>sE=AdE+6,(s)
p(sx) = sp(x) = Adg u(x) +6,(s) , VseG,xeM

6,(5) = (%)~ Ad 1(x)

> Propriétés:
Gxa —>a (e &)>ef=AdE+0,(€) =&+ pu(X)— u(x) =&
(5,5,)6=Ad,, £+6,(55,)=Ad,  Ad; £+0,(s,)+Ad, 0, (s,)

(5,8,)S = Ad;(Ad;g"“gﬂ (52))"“9# (s,) 251(525) , Vs,,8,€G,Sen

185 THALES



THALES

ILinks with

Natural Exponential Families
Invariant by a Group:

Casilis and Letac

www.thalesgroup.com



I NEF (Natural Exponential Families): Letac & Casalis
| Let E avector space of finite size, E” its dual. <6?, X> Duality braket with

(6’, X) e E x E. u Positive Radon measure on E, Laplace transform is :

L, :E"—>[0,%0] with 0 L,(6)=[e"" u(dx)

E ) *
] Transformation kﬂ (0) defined on ®(u) Interior of Dﬂ — {9 cE Lﬂ < oo}
k,(0)=logL,(0)

| Nqiurql exponenhal families are given by:

F () = (0, )c) = "™ u(dx), 0 € O (u)
| Injective function (domian of means): k' (0) = IXP 9 ,u),u(dX)

|And the inverse function: ¥, 1 M —>®(,U) with M = |m(k'ﬂ (®(,U)))

H |Covqr|ance operqtor V m k ( m ) ( m ) me M
187 cori s o B ( ) ALIUAC THALES



I NEF (Natural Exponential Families): Letac & Casalis

| Measure generetad by a familly F :

F(u)=F(1') < 3(a,b) e E"xR,such that z'(dx) =e"**** 4(dx)
- | Let F an exponential family of E generatedby 4 and @ X g X+V,

any way, in whole orin

Tha \ s 2015 All rights reserved.

ntof Thales -

with g € GL(E) automorphisms of E and v € E, then the familly
o(F)= {(D(P(Q, ,u)), 0 e @(,u)} is an exponential familly of E

generated by @(u)

rty without the prior written conse

- ] Definition: An exponential familly F is invariant by a group G (affine

group of E), if Vo e G,p(F) =F: Yy, F(p(u))=F(u)
(the contrary could be false)
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I NEF (Natural Exponential Families): Letac & Casalis

. | Theorem (Casalis): Let F = F () an exponential familly of E and G

affine group of E,then F is invariant by G if and only:
Ja:G — E",3b:G — R, such that:

alpp)='g,alg)+alp)
b(pg')=blp)+blp)-(al¢'). g,v,)
Y eGp(u)(dx) =& u(dx)

:- ] When G is alinear subgroup, b is a characterof G, a could be
obtained by the help of Cohomology of Lie groups .

ny way, in whol

© Thales 2015 All rights res

ntof Thales -

V(go,gp')er,<

duced, modified, adapted, published, translated, in a
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I NEF (Natural Exponential Families): Letac & Casalis
. | If we define action of G on E'by: gx='0'X,0eG,xeE’

. we can verify that: a(g1g2)= g,.a(g,)+a(g,)
] the action @ is aninhomogeneous 1-cocycle: VN > 0, let the set of all

functions from G" to E, S(G”, E*) called inhomogenesous n-cochains,

ntof Thales -

then we can define the operators: d" : S(G " E*)—> S(GM, E*)

0" F (G 0r) = 0 F (021 0+ 2 (D F (00 G000, 0,000+, G, )
i1

PG 800,
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I NEF (Natural Exponential Families): Letac & Casalis
] Let Z”(G, E*): Ker(d ”)’ B(G, E*): |m(d ”—1), with 7" inhomogneous
n-cocycles , the quotient H n(G, E*): Zn(G, E*)/ Bn(G, E*) is the
Cohomology Group of G with value in E” . We have:
dO:E*—>S(G,E*) ZO:{XeE*;g.x:x,vQ eG}
X (g g.x—x)
d*:3(G,E")— 3(G% E")
Fimd'F | d'F(0,,9,)= 0,-F(9,) ~ F(9.9.)+ F(9,)

2 ={F ¢ 3(G,E"} F(9,0,)=0,F (9,) + F(9,). ¥(9,.,) € G
B'={F e3(G,E"}3xe E",F(g) = g.x— X}
1191 THALES



I NEF (Natural Exponential Families): Letac & Casalis
- | When the Cohomology Group H 1((3, E*): 0 then Zl(G, E*): Bl(G, E*)
. =>3ce E”, such that Vg eG,a(g)z(Id—tg‘l)c

Thenif F = F(,U) is an exponential familly invariant by G , 1 verifies

vg € G,g(u)dx) =e " 4 dx)
vg <G, gle" ,Ll(dX))z 2@ (dx) with g, (dx) = e ()
.- | Forall compact Group, H l(G, E*)z O and we can express a
 A:G—>GA(E) v(g,9')eG* A, = A A,
g A, A (0)="g7'0+a(g) A(G)compactsub -group of GA(E)

Hflxedpomt:>vQ e G, Ag(c) ‘g'c+a(g)=c=a(g) = ( t‘l)c
1192 o i e THALES
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I Que faut-il retenir apres avoir tout oublié

Devant une bonne choucroute au jambon, ils oubliérent le pudding de graisse de phoque farci aux

s reserved.

myrtilles ! — (Jean-Baptiste Charcot, Dans la mer du Groenland, 1928)

All rimbnte

| La découverte de'laborne inférieure sur la varianee de tout estimateur est a attribuer a Maurice Fréchetlors de
I'hiver 1939 (cours de I'IHP),.6 ans avant Rao. Borneque nous appellerons dorénavant Borne de Fréchet.

Thalae 2015

| Llarlicle séminale de 1943 n'introduit pas seulementla’borne de Fréchet, mais I'étude desidensités distinguées,
densités dont les parametres atteignent cette borne. Fréchet montre que ces'densités sont forcéement des densités
exponentielles.

Frechet remarque que la matrice de Fisher est égale au hessien d'une fonction intervenant dans son équation de
Clairaut. Cette fonction c’est le logarithme de la fonction de partition (c’est la fonction caracteéristique de Francois
Massieu).

he-Drorwrith

Fréchet montre que ces densités distingués sont définies par I'intermédiaire de I'Equation de Clairaut(-Legendre),
qui met en dualité 2 fonctions (entropie et fonction caractéristique).

arbvawithowtd

| Les structures des densités distinguées et I'équation de Clairaut-Fréchet sont les structures fondamentales de la
Géométrie de I'Information, basée sur la géométrie hessienne de J.L. Koszul

| Jean-Marie Souriau a généralisé cette structure dans le cas d’'une variété homogene en introduisant une
« Thermodynamique des groupes de Lie ». La Densité de Gibbs est covariante et la métrique est invariante sous
I'action du groupe. La métrique de Fisher est lié a la 2-forme de Souriau-Kostant-Kirillov.
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I Reference Book: Libermann & Marle

| Symplectic Geometry and Analytical
Mechanics

ved.

vhole orin

» Pauleftte Libermann & Charles-Michel
Marle

ed,

=° | hitps://www.agnesscott.edu/Iriddle/WOMEN
: [abstracts/libermann abstract.htm
| Paulette Libermann, Legendre foliations on
5 contact manifolds, Differential Geometry and
22 Its Applications, n°1, pp.57-76, 1991
2 | seealso:
3 > Marle, C.-M. From Tools in Symplectic and Poisson
2o Geometry to J.-M. Souriau’s Theories of Statistical
£ Mechanics and Thermodynamics. Entropy 2016,

18, 370.
> hitp://www.mdpi.com/1099-4300/18/10/370
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Information, Entropy and
Their Geometric Structures
Edfted by

Frédéric Barbaresco and

Ali Mohammad-Djafari

Printed Edition of the Special |ssue Published in Enfropy

- MDPI Book

« Information, Entropy
- and their Geometric

- Structures »

- hitp://books.mdpi.com/pdfview/book/127
- Could be downloaded at weblink:
- hhp:// www.mdpi.com/books/pdfdownload/bo

- ok/127/1

www. madpd comijournalantropy

B
i
=
B

2%
=a
| ] 97 GDR ISIS - Entropies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017



http://books.mdpi.com/pdfview/book/127
http://books.mdpi.com/pdfview/book/127
http://www.mdpi.com/books/pdfdownload/book/127/1
http://www.mdpi.com/books/pdfdownload/book/127/1
http://www.mdpi.com/books/pdfdownload/book/127/1

E rnil'n;‘r.ll_r

 MDPI Book « Differential N—
. Differential
- Geometrical Theory of Geometrical

 Statistics » T?gf"%-f "
- http://www.mdpi.com/books/pdfvie ool i
w/book/313 e R b

£a
| ] 98 GDR ISIS - Entrop ies, divergences et mesures informationnelles classiques et généralisées — 24 Mai 2017 I I I A L E S


http://www.mdpi.com/books/pdfview/book/313
http://www.mdpi.com/books/pdfview/book/313
http://www.mdpi.com/books/pdfview/book/313

I Tutorial sur la géométrie de I'information

¢ Exposé de Frank Nielsen (LIX, Ecole Polytechnique) au workshop
SHANNON 100 a I'Institut Henri Poincaré, fin Octobre 2014

The dual geometry of
Shannon information

ny way, in whole ol

g
\/

claude shannon

1916-2016

ntof Thales - © Thales 2015 All rights reserv

rty wi 1h ut the prior written conse

| Vidéo:
hittps://www.youtube.com/watch?v=aGxZoKSké6CQ&index=11&list=PL9kd4
mpdvWcDMCJ-SP72HVé6BmebéCSak k
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UNESCO UNITWIN Website on « Geometric Science of Information »:

> http://forum.cs-dc.org/category/72/geometric-science-of-information

> http://forum.cs-dc.org/topic/369/geometric-science-of-information-presentation-organisation-subscription

GSI| « Geometric Science of Information » Conferences:

> GSI'13, Ecole des Mines de Paris: https://www.see.asso.fr/gsi2013

> GSI'15, Ecole Polytechnique: http://forum.cs-dc.org/category/90/gsi2015 + videos: http://forum.cs-dc.org/category/90/gsi2015

> GSI'7:www.si2017.org + Videos : https://www.youtube.com/channel/UCnE?-LbfFRataes49cN2DVg/videos

TGSI'7 “Topological & Geometrical Structures of Infformation”, CIRM Luminy, August 2017

> TGSI'17: hitp://forum.cs-dc.org/category/94/tgsi2017

34th International Workshop on Bayesian Inference and Maximum Entropy

>  MaxEnt'14, : hitps://www.see.asso.fr/maxent14

Leon Brillouin Seminar on “Geometric Science of Information”

> http://repmus.ircam.fr/brillovin/home +  http://repmus.ircam.fr/brillovin/past-events

Information geomeiry and probability tools in abstract space for signal and image analysis

> GDRISIS Technical Day: http://forum.cs-dc.org/topic/410/gdr-isis-gsi-day-information-geometry-and-probabilty-tools-in-abstract-space-for-signal-and-image-analysis

Google+ and Google Scholar
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