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@ Hidden Markov Processes
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Hidden Markov Processes Kalman-Bucy filter

Kalman-Bucy filter.

We are given a couple of equations

dXe = f (0, t) Yedt + o (t) dW,, Xo, 0<t<T,
dY;=a(v,t) Yidt + b (0, t)d V4, Yo=y0, 0<t<T,

where W;,0 <t < T and V;,0 <t < T are independent Wiener
processes and the observations are X7 = (X;,0 <t < T). The
process YT = (Y;,0 < t < T) is hidden. The functions
f(v,t),0(t),a(v,t),b(V,t),te]0,T] are supposed to be known,
smooth and the parameter ¥ € © C R? is unknown. The function

o (t)* > ¢ > 0. The initial value y, is deterministic and known.
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Kalman-Bucy filter
The conditional expectation m (¢, t) = Ey (Y¢|3¥) and the error

v (0, t) = Ey (Ye — m (9, t))* are solutions of Kalman-Bucy (K-B)
equations (Kalman and Bucy, 1961)

v (0, t) f (9, t)?

dm(9,t) = |a (v, t) — % m (9, t) dt
PG LA CA I
o (t)* ’
87 (19> t) _ Y (79? t)2 f (797 t)2 2
T_2a(19,t)7(29, t) — a(t)2 + b (0, ),

with initial values my = Ey (Y5|Xo) and 7o = Ey (Yo — m (¥,0))°.

Main Problem: To obtain a good recursive approximation
m;,0 < t < T of the process m(9,t),0 <t < T.
Solution: Estimate ¥ and substitute this estimator in the K-B
equations.
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Hidden Markov Processes MLE and BE

How to chose an estimator? The likelihood ratio function is:

The MLE 1§t and BE 5t are defined by the relations

/ Ip (9) L (9, X*) d9
L(@t,Xt) = sup L (9, X"), 9, = L8

vee / p (V) L (9, X)dd |

To construct the MLE and BE of the parameter ¥} we have to
calculate the functions {m(¥),s), 0 <s < t}, ¥ € © and
{v(¥,s), 0<s<t}, Jec O defined by the K-B equations.

Remind that but we can not put the MLE ¥+ or BE ¥/7 in m (9, t)
because the stochastic integral containing v( 1, t) does not defined.
~ Yury A Kutoyants  HMM in which Higher Noise and Fewer of Obs. Improve Estimators RNVl kAR Se iy T



Hidden Markov Processes Program

Remark that the direct numerical calculations of the MLE and BE is
almost impossible.

To approximate m (to, t) we propose the following program:
@ Calculate a preliminary estimator U, on relatively small interval
of observations [0, 7],(7/T — 0).
@ Using 9, realize One-step MLE-process o, r<t< T

@ As approximation of m (v, t) we propose m; obtained with the
help of K-B equations, where 9 is replaced by 97,7 <t < T

@ Estimate the error Ey, [m* — m (9, t)]* and show its optimality.
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Hidden Markov Processes Basic Model

Basic Model. Different Levels.
Suppose that

dX; = f(0,t) Yidt +co (t)dW,, Xo=0, 0<t<T,
dY;=a (v, t) Yidt + . b(0,t)dV,, Yo = Yo-

Observations are X7 = (X;,0 < t < T) and the asymptotic
e — 0,%. — 0. The properties of MLEs are defined by the
asymptotic of the integral (M (¥,t) = f (9, t) m (¥, t))

/T [M (0o + @ u, t) — M (o, t)]2
0 2 o (t)°

dt — u'1 () u.

Set . = £°,6 € [0,1] and . = £"®). Then in regular problems
o (9= 00) = N (0,1(00) ).
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Hidden Markov Processes Representation of the LR

Denote a* (9, t) = a(¥,t) + £ (0, t), £(J,t) = [Inf (I, t)],. The key
representation is

M (9,t) — M (I, t)

eo (t)
~ wlf (9,0) — £ (9,0)] t f(9,s)°~(9,s)
= o () exp (/0 [a (9,s) — 20 () ] ds)

i : Eaﬁ(’;,)t)_fagéjg:), 2 (o ) e (90) (1 + 0 (1)

Ye [F(0,t)b(V,t) — f (Yo, t) b(Vo, t)]
€ V2b(0,t) f (9, t) o (t)

where & . = & ~ N (0,1). The random variables &;,0 <t < T
are independent.

§ee (L+0(1)),
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Hidden Markov Processes Rates of MLE

Two cases. A: f(19, 0) =0 for all ¥ € © (we obtain results from my
first talk) and B: f (,0) # 0 for all ¥ € ©.

QA Y.=1(5=0), P = Ve, L1 (o),
QA =2 (0<5<1/3), 0. =7, I (Y)
O A u—c (5-1/3) oo =2

: I3 (Yo) = L1 (Jo) + L2 (Wo),
QA .=, (1/3 <6< 1), e = €°, I (W),
QA Y=g (0=1), e = €, I, (o).
OB. y.=£(0<d6<1), R Io (Y0).

In all cases

! (195 - 190) — N (0, I (190)—1) .
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Hidden Markov Processes BEEIEENCIHIYINS

h(5)

14

1/2

1/3 4

0 1/3 )

Figure: Function h(4), A (continuous line) and B (dashed line)

MLE: § € (0,1) the higher noise — the smaller error of
estimation!
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I LNV ET VA TN Case C.

Case C.

The parameter ¥ = (0o, 01,0>), and the functions are f(0o, t), b(61,t), a(02,t)
The MLE 9. is asymptotically normal

ot (195 _ 190) — N (o, | (190)—1) .

Here the normalizing matrix is

(e1p )2 0 0
Pe = 0, (e/¥)? 0
0, 0, 1/2
The Fisher information matrix I ()5, 5 is diagonal
Ny , . ,
yof(GO,O) / b(91, t) f((go, t)
I — L (9) =
o) = Famb@oo0 T 2p@m e O

T - 2 2
a (927 t) Yt (19)
L (V) = 5 dt.
0 b 817 t
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© WMDE.
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MDE

. The observations X7 are considered as a deterministic system

Tt 0n@),  w@=0
P 2@ on.  w@=p Ost<T.

perturbed by two small Gaussian noises. The minimum distance
estimator (MDE) 9, . constructed by the observations X7 is defined
by the equation

/ [Xt—xt(gl dt— mf/ [X: — x (9)] dt,
0

Remark that

xt(ﬁ):yo/otf(ﬁ,s)exp</Osa(19,r)dr) ds, v € 0o.

We study this estimator in cases, A and B, and in two settings:
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Remark.

If one says that in the case when the limit system does not depend
on ¥, then the consistent estimation is impossible, then this is wrong!
For example, if

dY; = a(t) Yidt + 1. b (¥, t)dV;, Yo = Yo,
then the limit system
dXt d}/t
dat dr

does not depend on ¥, but the consistent and asymptotically efficient
estimation of 1 is nevertheless possible (under regularity conditions).
This is a particular case of the Case C.

f(t)yt7 XOZOJ (t)ytJ Yo, Ogtg T

K. (2024) Volatility estimation of hidden Markov process and
adaptive filtration. Stoch. Proc and Appl., 173, 104381.
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Cases A and B. Fixed interval. Introduce the d x d matrix

v

T (9) :/ ()% () A, Deo,
0
Gaussian vector

Cv(ﬁ):'i'(z?)_l/oT/Otb(ﬁ,r)/tf(ﬁ,s)gb(ﬁ,r,s)dsdvrkt(ﬁ) dt,

¢(ﬂ,r,s)=exp</ aw,v)dv>,
and the function

g (Vo,v) = inf / [x: (P0) — x¢ (V¥ )] dt.

|19 190|>1/

where
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Conditions 4.

P,. The functions f (9,t),a (9, t),b(V,t) € C3 for all
e O, tel0,7]
PBy. The matrix T () is uniformly non degenerate

inf inf  eT(¥)e' >0.
9EO |le||=1, e€RY

Hs. For any v > 0 we have infy,co & (Vo,v) > 0.
Theorem
Let the conditions %8 hold. Then the MDE is consistent,
asymptotically normal (¢. = 1. = &°)

O (ém — 790) = ( (Vo)

and the polynomial moments converge.

v
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Case A. Vanishing interval. § € (1/3,1). We study

v

U, = arg 1;22/ [X: — x: (9] dt.
0

Denote R () = yo [ (9,0) a(¥,0) + f (9,0) &(¢9,0)] . Below to > 0
is some (small) real from the interval [0, T].

Conditions € .

%o. The function f (9,0) = 0 for all ¥ € ©.

1. The functions f (9,t),a(V,t) € C3 for t € [0, to].

%>. The func_t/'ons
f(0,t),f(0,t),a(d,t),b(0,t),o(t) €Ct for
t € [0, to].

3. The functions f (09,0), R(9¥) and b(¥,0) are separated
from zero uniformly on 1 € ©.
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Let us denote
1307 (9,0)% b(9,0)
81 R (1) '

D (v)

Land 7. = [Ine 1] 2.

Below ¢. = £° Ine™
Proposition

Let conditions € hold and 6 € (1/3,1). Then the MDE ¥, is
consistent and asymptotically normal

61 (J-. — 90) = ¢ (9o) ~ N (0, D° (%))
and the polynomial moments converge: for any p > 0

st_ P E190
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Case B.

Vanishing interval. § € (1/3,1).

Consider the same MDE with 7. — 0 but in the case B.

Conditions 2.
Dy The derivative |f (9,0) | > k.
9. The functions f (9, t),a(9,t) € C3 for t € [0, to].
9. The functions f (¥,0) and b (v,0) are separated from O.
93. The functions f (9,t),a(9,t),b(9,t),0(t) € CL.

Let us denote

33

D° (9) = y3 2F (0,0)2 <— f (9,0)% b (0,0) + ga (0)2) .

140
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Proposition
Let conditions & hold, 7. = /1. and ¢. = £'%*. Then the MDE @TE

is consistent, asymptotically normal

62" (I = o) = £ (o) ~ N (0, D" (90))

€]

and the polynomial moments converge.

v

Remind that in the case of fixed interval the rate was ¢. = . Hence
for the same model in the case B the rate of MDE constructed by all
observations up to [0, T] is worse

€ _1=s
2 — 0.

Conclusion: less observations is better for estimation!
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© MLE and BE.
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MLE and BE. MLE and BE. Case A.

MLE and BE

Once more we consider the cases A (f (%,0) = 0) and B

(f (99,0) # 0). In the case A we study three situations: § € (1/3,1),
0 € (0,1/3),6 = 1/3 separately because the LR has different limits
with different normalizations.

Asymptotics of Riccati equation. Introduce the functions
Y (0,1) = 7 (9, £) / (ev) and 7o (9, £) = b (D, t) o (t)f (9, 1) .
e For any t, € (0, T,

9
sup 3. (0.) =20 (0.0 = 0 ()
to<t<T Ye

@ For the values [0, ty], where ty is 0 (1)

Ve (9, ) = ~° (9, t) = 70 (9,0) tanh (% () t) :

3

-1
Here ' (¢) = f (¥,0) b(99,0)0 (0)
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MLE and BE. MLE and BE. Case A.

Case A, 1. = &%, § € (1/3,1).
Then the Fisher information matrix is (¢ (9, t) = [In f (9, t)]})

I (9) = /0 [a(9,8) + £ (9, 1)][a (9, 1) + £ (9, £)]

9)? dt, 9 € ©.
b (0, 1) ve (V)

Define as well the function

Gz (V,70) = /T [2(9.£) = a (Jo. 1) + £(9. ) = £ (o, 'y (o)

L dt.
0 b (197 t)
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MLE and BE. MLE and BE. Case A.

Conditions & .

So-
é.
.
.
.

&s.

The equality f (9,0) = 0 is valid for all ¥ € ©.

The functions f (9,t),a (0, t),b (0, t),o(t) € CL.
The functions f (U, t), b (9, t) are separated from zero.
The functions f (9,t),a (v, t) € C3.

The Fisher information matrix is uniformly non
degenerate

inf inf e'l,(¥W)e>0.

V€O |le||=1,eeR?
For any v > 0

inf inf Gy (Y, 7)) > 0.
ﬂlonee||19_lgou>y 2 (Vo)
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MLE and BE. MLE and BE. Case A.

The family of measures {Pf;), VRS @} induced by the observation

process X on the space (C[0, T],B7) of continuous on [0, T]
functions is locally asymptotically normal (LAN). Therefore the mean
squared estimation error satisfies the Hajek's minimax lower bound:
for any ¥y € © and any estimator 9.

lim lim  sup  ¥2Ey ||9. — 0||* > Ey, [IC (90)]I2.

V=0 c0 [[9—o||<v

Here ¢ (o) ~ N <0, I, (190)71> . The estimator ¥ is called
asymptotically efficient if for any ¥y € ©

lim lim  sup 1/1;2E19 |97 — 19“2 = Ey, HC(ﬁo)Hz-

v—0e—0 l9—dol|<v
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MLE and BE. MLE and BE. Case A.

Theorem

Let conditions & hold. Then the MLE 9. and BE 9. are uniformly
consistent, asymptotically normal

I (D= do) = (o), ¥E" (I =) = (W),
the convergence of moments holds,

¢;pEﬂo‘|1§E - 190“13 - Eﬂng (190) Hp’
bz PEa, |9 — Yol|” — Eu, I (90)]1°

for any p > 0, and both estimators are asymptotically efficient.
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Forbiden functions f (¢, t) and a (9, t)

The condition of identifiability requires that G, (9, 1) # 0 for any
¥ # Yo and any Jy. This condition is not fulfilled if the functions
a(v,t) and f (¥, t) satisfy the equation
f{ (0, 1)
f(V,1)

=—a(v,t)+ h(t), 0<t<T,

where h(t) is some continuous function which does not depend on .
This means that

£(0,8) = H(t) exp (—/Ota(ﬂ,s)ds), H(t) = exp (/Oth(s)ds).

Therefore for such functions f (¢, ) and a (¥, -) we have
Gy (9,09) = 0 for all ¥ € ©. If the functions f (¢, -) and a (v, )
satisfy this relation then this case is in some sense close to the
considered below case with § € (0,1/3) and needs a special study.
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MLE and BE. MLE and BE. Case A.

Case A, ¢). =¢°, § € (0,1/3). We have

M(ﬁw t) - M(ﬁo, t)
eo (t)

B . [u"f (Do, t) b (Yo, t) + f (Yo, t) u" b (Yo, t)] .
‘%\/j V/2b (Do, t)  (Vo, 1) 7 (2) felireld)

Therefore . = \/g/1h. = e179/2 Here &, . = & ~ iid. N(0,1) .

Let us denote

KW, t)=Ff(0,t)b(0,t)+f(0,t)b(V,1t)

and Fisher information matrix

(T K@, t)K(@.t)"
h (V) = /0 2F (0. 6) b (0, D)o (5) O
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MLE and BE. MLE and BE. Case A.

Define the function

[f (9, t) b (9, t) — f (Yo, t) b (Do, )]
1(V,%0) = / 27 (0.8)b (0, 1) o (©) dt

Conditions %

F. F(0,t),b(9,t),0(t) €l

Fo. f(0,t),b(0,t),0(t) are bound. and separ. from zero.
Fs. f(0,t),b(0,t) € C3.

Fy4. The Fisher information is uniformly positive defined

inf inf el (¥)e>0.

9O |lof|=LecR
Fs. Foranyv >0

inf inf Gy (9,79) > 0.
ﬂloneenﬁ_lgouw 1 (7, %)
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MLE and BE. MLE and BE. Case A.

Theorem

Let the conditions % hold and 6 € (0,1/3). Then the MLE and BE
are uniformly on compacts consistent, asymptotically normal

\/?(19 1) = C* (W) ~ N (0,11 (40) ")
\/E(ﬁ — o) = (" (o),

the moments converge and the both estimators are asymptotically

efficient. J

16
The rate of convergence ¢. = 2 means that
the higher noise — the smaller errors.

Because all information about 9 is in the product ¢.f (¥, t) b (9, t).

MM in which Higher Noise and Fewer of Obs. Improve Estimators K=\l brakeBoia iy o[- ol
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MLE and BE. MLE and BE. Case A.

Case A, . = '/3, 6 = 1/3.

The Fisher information matrix is

I5 (Vo) =l (Vo) + 12 (Vo)
Denote

G (9, 95) = / Treob (( )= f (90, )b (0o, OF
5

f(0,t)b(9,t) o(t)
[a(¥,t) — a (o, t) + £ (0, t) — £ (Do, t)] 2 2
/ f(0,8)b(0,t)° f (Do, t)” ye (Jo)” dt.
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MLE and BE. MLE and BE. Case A.

Theorem

Let the conditions of two preceding theorems with Fisher information
I3 (¥o) and function Gz (¥,9¢) hold. Then the MLE 1. and BE 9. are
uniformly on compacts consistent, asymptotically normal

e 73 (9. — ) = C(90) ~ N (0,15 (90) ) .

5_1/3 (’l§5 = ?90) — 6(190) ,

the moments converge and both estimators are asymptotically
efficient.
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S=ERIEOD

Case B. |f (9,0)| > x>0, d=1.
Conditions ¥ .

. The functions f (19,0), f (19,0), a(0,0), b(9,0) are
positive and separated from zero.

4. f(0,t),a(d,t),b(9,t) €C3.
Gy f(0,t),F(9,t),a(0,t),b(0,t),0(t) €CL

The Fisher information function

)/g f (197 0)2

()= 75006 (0.0)7 (0)’

Ve = (a,p).
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S=ERIEOD

Theorem

Let the conditions & hold. Then the MLE and BE are uniformly
consistent, asymptotically normal

1+5

5 (.= 00) = ¢ (00 ~ N (0,1 (90))
e (0. — 0o) = ¢° (Vo)

the moments converge and the both estimators are asymptotically
efficient.
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@ One-step MLE
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One-step MLE-processes

Our goal is to construct an adaptive Kalman filter which has
relatively simple structure and is asymptotically optimal. To do this
we need One-step MLE-process which is a modification of the well
known Le Cam’s One-step MLE. Suppose that we have a consistent
estimator ). of ). Then the Le Cam's One-step MLE v is like

T — -1 [T M(Y.,s) -
I =9, + 1 (V. ——— |dXs — M(Y,, s)ds| .
F= 1) T A MG s
Here M(9,t) = f (9, t) m (9, t).

As the estimator ¥, depends on the same observations the stochastic
[td integral is not defined. Another point: the estimator /% depends
on the whole observations X7 = (X;,0 <t < T) and can not be
used at the moment t for approximation of m (¥, t).
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(OB NV/INS  One-step MLE-processes

The proposed modifications are

© Introduce a learning interval [0, 7], where 7 € (0, T') and
construct a preliminary estimator 5775 by observations X7.
Sometimes 7 = 7. — 0.

@ Define Fisher information function It (¥}) , t € (7, T], which
corresponds to the observations on the time interval [, t].

© Set the low and upper limits of the integral as 7 and t
respectively. Here t € (7, T].

Then we obtain the One-step MLE-process v; ., 7 <t < T

L
0 =D+ 1 (0.0) 7 / % [dXs — M(Y,.,s)ds]

Yury A. Kutoyants HMM in which Higher Noise and Fewer of Obs. Improve Estimators| K=\ Elyifabrake bt ie o[ 0 els)



(OB NV/INS  One-step MLE-processes

This estimator has a recursive representation. Let us write the
matrix

Ii(ﬁ):/tP(ﬁ,s)ds

with the corresponding matrix P (¢, s). Then

A0;, =18 (0..) P (e, t) [0re — 07 ] dt
-1 M(gr,sv t)

e

[dX; — M(U,., t)dt], 7<t<T

with the initial value 97 = 9, ..

Therefore the realization of the One-step MLE-process can be easily
done using numerical methods.
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(OLIENV/N=BN Case A. Fixed learning interval.

Case A, f (9,0) = 0. Fixed learning interval. ¢ € (1/3,1).

We are given the partially observed system with . = £°, 6§ € (0, 1).
The learning interval is [0, 7] and the preliminary MDE is

Upe = arg 1;21(‘9/ [Xe — x: (9)]7 dt.
0

Note that if the conditions % hold then by the Theorem the MDE is
consistent and asymptotically normal

9 (Fre = 00) = (90) ~ N (0.D(00))
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(OLIENV/N=BN Case A. Fixed learning interval.

Introduce the random process M(éﬂa, t),7 <t < T by the equation

Ye 7

AM(@D,c, t) = A*(Orc, tYM(D..., t)dt + — 3(1975,1:) dX,

subject to initial value M(¥,., 7). Here

A0 =3 (0,6) ~ ZB(0,1), é(qa,t):%(ﬁati:)gﬁ,t)z

a (0, t) =a(v,t)+ 0, (v,t), (9, t) =Inf(0,t).

)
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(OLIENV/N=BN Case A. Fixed learning interval.

Denote

20, ) + £(0, t)]ye ()
b(9,t)o(t) ’

and Fisher information function

. [a(0,s)+ 0 (9,9)][a(D,s) + £ (0, 5)] ys (V)
It () — / ho ds.

F(v,t) = QV,t)=F (W, t)o(t)

We need Conditions .F*.

Froa(0,t),0(0,t),b(0,t),0(t) € CL.
F5. The Fisher information function 1§ (¥),0 <7<t < T
is uniformly on ¥ € © non degenerate for all t € (1, T].
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(OLIENV/N=BN Case A. Fixed learning interval.

Introduce the One-step MLE-process 97 ., 7 <t < T

t,er
9:.=1,. +15(1§T,€) 1‘Z’E{F( / X, F/(J,.,s)ds

e SIM(,.., $)ds + / F(ir.. )dX}

T

Theorem

Let the conditions B, Fo_3, F* hold and 6 € (1/3,1). Then the
estimator process Ui ., 7 < t < T is uniformly consistent,
asymptotically normal

V(05 — Uo) = Ce(W0) ~ N (0,15(%0) 1)

the moments converge and this estimator is asymptotically efficient.

v
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(OLIENV/N=BN Case A. Fixed learning interval.

Case A, f (1,0) = 0. Fixed learning interval. § € (0,1/3).

Remind that in this case p. = e’

M(190+905U7 t)_ M(ﬁ()?t) UT 5(79071‘-)
= (14 O(p,
o (0 V2B o () 0O
where S (0, t) = f(0,t) b(9,t) and B(9,t) = S(9,t) /o (t). The
Fisher information matrix-function is

It (9) = / > 2(;9’(;)7 f)(f’(?) ds, r<t<T.
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(OLIENV/N=BN Case A. Fixed learning interval.

We have two preliminary MDEs. The first one 57,5 with fixed learning
interval [0, 7] and the second ¥, (one-dimensional ) - with the
vanishing interval [0, 7.], 7. = [Ine=1] " — 0. The rates of
convergence of MDEs are ¢? and €° Ine~! respectively. Suppose as
well that the conditions Z hold. Then by Theorem we have

ot (19 - 190) — N (0, D (%))

It is shown that if we define the One-step MLE-process by the usual
relation then the last term has the expression

[w;l (é’r,s - 190)} 2 556;1-

It tends to O for the values 6 > 1/5. That is why we consider the
cases § € (1/5,1/3) and 4 € (0,1/5) separately.
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Case A. Fixed learning interval.
Let 0 € (1/5,1/3). The One-step MLE-process is

. , © A
19:,5 — 19778 +I7t_(197—,5)1/ M

eY. o (s )
Conditions .F*.

Fr. b(0,t),f(9,t),f(@,t),0(t) € CL
Fx. Fisher information It (V) , 7 < t < T is unif. positive.

[dx M. s)ds] .

Theorem
1—6

Let the conditions %, #,_3 and .73, hold, p. =<2 and
6 € (1/5,1/3). Then the estimator process U5 _, 7 < t < T is
uniformly consistent, asymptotically normal

e (05— o) = N (0,1 (90) ).

the moments converge and this estimator is asymptotically efficient.
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Case B. Vanishing interval, § € (0, 1)
Case B, |f (9,0)| > 0. § € (0,1)

Suppose now that d = 1 and the MDE 1§TE is constructed by
observations on the vanishing interval [0, 7.], where 7. = €17, Then

under conditions Z°, ¢. = . = \/€). and
! (&TE - 190) — N (0,D (¥)) .

€

The Fisher information is

& f(9,0)

Io (V) = f(9,0)b(9,0)0 (0)

The score-function for any t > t; is

OL(0,Xt)  yof (9,0) [P [dXs— M (9,s)ds]
9 20(0) Jo cosh (LT (9)s) (o).

-1
Here I (9) = f (1, 0) b (¥,0) o (0) .
Yury A. Kutoyants HMM in which Higher Noise and Fewer of Obs. Improve Estimators| K=\ Elyifabrake bt ie o[ 0 els)



(OL[E NV Case B. Vanishing interval, § € (0, 1)

We cannot substitute 575 directly in this stochastic integral. Denote
H (x) = [cosh (x)]™* and write

[r (oo (zron)
Y /0 Y (%r () s) X.ds.

Introduce the function K (¢}) by the relation

1y f(9,0) _ £(9,0)b(9,0)
o (0> yf(v,0)0(0)

Io (9) — K ().
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The One-step MLE we define as follows

0 =1, +K(J,.) Y. X
€ | cosh(“T (V.. )to)
—%r(ms) / H (YT (0, )5)X, ds
0 €

7 € o M 1\9/7'5’5

-K(l) [
€ Jo cosh(*=I(;.)s)
Theorem

The One-step MLE % is consistent and asymptotically normal

1+6

6_?(19; — 190) — N(O, 10(190)_1).
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© Adaptive filters.
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ACETAZRTLE SN Adaptive filters.Case A. Fixed interval.

Adaptive filters.Case A, § € (1/3,1).

Suppose that the learning interval is [0,7], 0 < 7 < T and the MDE
5775. This estimator is asymptotically normal with the rate .. This
allow us to admit the values 6 € (1/3,1) for the construction of the
One-step MLE-process ¥;_,7 < t < T. Recall that

t,e?

9% — o EICE +5(790= s)1ys (Vo)
e = =t [ b(00.5) i)

The adaptive filter is defined by the equation

we ( t,e )f<,l9:s’ )] :dt_i_%b(ﬁ;s’t)dxt
€ o(t) o e o(t)

dmi_ =la(Vi. t) -

for the values 7, <t < T, where 7, € (1, T).
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Adaptive filters. Adaptive filters.Case A. Fixed interval.

Proposition

Let the conditions %, F,_3 and .#* hold. Then for 6 € (1/3,1)

my; . — m(Vo, t) f (Do, t) ye (Vo)
'l/)g - — f (,1907 t) nt (190) .

It is possible to prove the asymptotic efficiency of the adaptive filter
with the help of the following lower bound: Let the conditions ¥
hold then for any estimator m; . and any ¥y € © we have

lim lim sup  ¥-?Eg [ — m (9, 1)) > Sf (0)*

V=050 |9—dg|<v
where
f (99, t)? y: (99)?
( 05 ) ytz( 0) 16(190)_1-
f (Yo, t)

Adaptive filter with “="is called asymptotically optimal.
~ Yury A Kutoyants  HMM in which Higher Noise and Fewer of Obs. Improve Estimators KNVl kAR Se T

St (Vo)* =




Case B. Vanishing interval.§ € (0, 1).
B Case. Vanishing interval. ¢ € (0,1).

The One-step MLE was given above and it is asymptotically normal

b 02 = ) = () = To(w) 2 [T S0

Here w (x),x > 0 is a Wiener process.
The adaptive filter is defined by the equation
* f * *
’ £ o(t) ’ e o(t)

for tg <t < T, where ty is any (small) fixed value. Moreover, in this
case we can write directly m;_ = m (%, t) and the error of
approximation we obtain from this equality

f (Yo, t) ye (Po)
f(o,t) (Vo)
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1+5

e 2 (mi.—m(Vt) = —




Thank you for your attention!

Yury A. Kutoyants HMM in which Higher Noise and Fewer of Obs. Improve Estimators



	Hidden Markov Processes
	Kalman-Bucy filter
	MLE and BE
	Program
	Hidden Markov Processes and Adaptive Filtering
	Basic Model
	Representation of the LR
	Rates of MLE
	Case C.

	 MDE.
	 Definition.
	Remark. 
	MDE. Cases A and B. 
	Case A. Vanishing interval.
	Case B. Vanishing interval.

	MLE and BE. 
	 MLE and BE. Case A.
	Case B. (0,1) 

	One-step MLE
	One-step MLE-processes
	Case A. Fixed learning interval.
	Case B. Vanishing interval, (0,1)

	Adaptive filters.
	Adaptive filters.Case A. Fixed interval.
	Case B. Vanishing interval.(0,1).


