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e SDE with mixed effects [Picchini et al., 2010]: in general,

Vi) =Yi0)+ [ pi). s+ [ o mduds). i=1 N

e Pharmacokinetics: references in [Donnet and Samson, 2013]), ...
e Neurobiology: [Ditlevsen and Samson, 2013], ...
e Epidemic dynamics prediction: [Narci et al., 2022], ...
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@ Proposed model



Proposed model

Underlying dynamics

t
+ 7 | c(Yi(s);n)dw;(s), t=1,...,N, te€][0,T].
0

w1 (+),wa(+),... arei.i.d. standard 1-dim. Wiener processes independent of
i.i.d. ¥1(0),Y2(0),... such that E[|Y1(0)|*] < oo for every K > 0.
e a(y) := (ar(y),ar(y)) : R = RP¢ and c(y;n) : R x ©,, = R are m'ble func’s, with 7 unknown.

n €O, CRPM and g5 € O,, C R/ are fixed-effect parameters.
(T1,0r1), (T2, 0r2), -+ € (0,00) x RP#r are i.i.d. random-effect parameters s.t.

e 7; and ¢, ; are independent.
o 7; ~ f(7;0;)dr on (0,00); 8, € ©, C RP".
o vri ~ Np, (0,3,) for a positive definite 3, € RP¢r @ RPer.
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Proposed model

Assumptions in brief

Yilt) = Yi(0) + 7 (wf - / g (Vi())ds + o / t a7.<m<s>>ds)

+\/77/ ndwi(s), i=1,....N, tel0,T],

7 ~ f(1;60,)dT, ori ~ Ny, (0,%;).

Per

o We observe {Y;(t;;): 7=0,1,...,n; i =1,..., N}, where t;; = jh with h :=T/n (fixed T').

@ About (a,c¢): smoothness, non-degeneracy of ¢, moment conditions, and identifiability.

e Diffusion random-effect distribution 7; ~ f(7;0,)d7:

e 3C, >0 max maxsup’dg ol log f(r;0-)| < 1+7°7 7797,

k=0,1,2,31

o f(7;0-) = f(7;6:0) (L(1)-a.e.) if and only if 6, = 07 0;

oo

o V0, € 0, VK. € R, / y™ Fy; 0,)dy < .
0+
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© Quasi-likelihood estimation

t

=¥+ 7 (o0 [ artitonas os- [anvionas) + i [ etnionmauts

@ Profile quasi-likelihood for the diffusion parameters
@ Marginal quasi-likelihood for the drift parameters




Quasi-likelihood estimation

To put it simply: Multi-stage estimation procedure

—&—\F/ $);m)dw;(s), i=1,...,N, te[0,T],

Asymptotics for n, N — oo with n® <N <n?” (0 <a’ <a” < 1)
@ Ignore the drift and focus on the “diffusion” parameter 9, := (1,6,) € ©, x O,

B ~ c . _ _
(\/ nN (7 —no), \/N(HT - 97,0)> = Np,+p. (0, diag (Q111,0a 1'121))
@ With 31, estimate the “drift” parameter ¥, := (¢, %,) € O©,; X Ox,

VN(@@2 = 920) 5 Ny, (0, T5)
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Quasi-likelihood estimation

Remarks: Why stepwise?

e ¥ = (V1,102) € argmaxZZlog // o(Yi(tig); (9,7, @ri)-func.)dPTidP¥™i?
i

@ Possible to obtain the explicit QLF via the same concept as [Fujinaga and Masuda, 2023]:

niN niN 1
H%?,,L(ﬁl) = log(2mh) + B logy — 3 Zlog Sii—1(n) — AN log 0 — N log K (d7)

.3

+ Y l0g Kz (1WEF Q) + 5 (M- 5) Yo log (52 + @il)

where Q;(n) = Zj S;jl_l(n) yf]

o Should be theoretically more efficient,

e while the numerical optimization involves the modified Bessel function K_,, /2,
e hence much less stable and suffers from the usual local-optimum problem,

e and possible one-step improvement.
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Quasi-likelihood estimation

Stage 1: Profile quasi-likelihood for diffusion parameters ¢, = (1,6.)

o Euler approximation (S; ;—1(n) == ¢} ;_1(n), Ajw; := wi(t; ;) — wi(tij—1), etc.):

Yijg i,j71+7'i<,0i‘/( i(s)) ds—i—\/ﬁ/ n)dw;(s)
J

~Yijo1+Tiwiaij1h+/Ticij—1(n)Ajw;
RY i1+ /Ticij—1(n)Ajw;.

e Gaussian quasi-likelihood (GQLF) regarding {7;}; as a fixed effect parameter:

(N1, TN) Zlog ¢ (i3 Yij—1, h7i Si j—1(n)).

%

@ Solve the associated quasi-likelihood eq. with respect to 71, ..., 7y: for 7,; := h12AY;,

stl )75, i=1,...,N.
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Quasi-likelihood estimation

e QLF when both {Y;;}; ; and {7;}; were observed:

HZIOng zga i,j— 17hTzSzg 1 7} +ZlngTza T) (21)

@ Replace 7; in (2.1) by 7;(n) to obtain the first-stage QLF Hjy (¢1):

HZIOng 2]7 i,j— 17h7—1(7] i,j— 1 ZIngTz 7} )

o The two-stage quasi-MLE 01 = (7, 57):
n € argmaxHy1(n), Hinn(n):=—2 Z { ZlogS ii—1(n) +nlog ( Z ” 1 ( y”) },
n

0, € argmax Hy9(7,60,), Hiz nn(n,0 Zlogf 7.(n); 0;).

-
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Quasi-likelihood estimation

Stage 2: Marginal quasi-likelihood for drift parameters ¥, = (¢¢, ;)

@ The Euler approximation in this second stage:

9
Yij = Yij1+Tipiraij1h+/Ticij-1(n)Ajw;.

@ Auxiliary Gaussian quasi-likelihood of {¢;} — [], gi(¢i), where
9i(pi) = exp Zlogqb( 533 Yii—1 + hT i - ai -1, hT §i,j71)

with Sij1 = ;1 (@), 7i = 7i(7).
@ Then, we integrate out the variable 1,..., N with respect to the Gaussian distribution
Np, (1, 2)®N as if ¥ = diag(O, X,) is non-degenerate, as in [Delattre et al., 2018].
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Quasi-likelihood estimation

@ The resulting expression: fori=1,..., N,

V2 Lo 9i(pi)dp, (i p, X)dp;
= Cidet (M1 +2) "% exp (—é(@la — ) (M 4 3) 7N (M - m) . (22)
where @ denotes an F; 1 V o(@ﬁ-measurable r.v. not depending on (u, 3, ¢;), and where
M; = TthSZ a0 0= S a1 AY
e Taking the product of (2.2) for i < N and then taking the logarithm, we arrive at

52 = (@f,fl,,) € argmax Hy, Hy(Js) : Zlog bp, (]W Vi [y M +d1ag(0 by )) .
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© Applications to synthetic and real data



Applications to synthetic and real data

Simulation

SDYi(s) 1 o@
Yi(t) =m(0>—n( 0 Jli)#
t P, zYl( ) )d
Vv1+ Y
VT / exp( atan(Yi(s)))duw (s)
0
7; ~ Weibull(a, \), @i ~ii.a. N1(0,02),

e =05 a=1 A=0.6,

(p(fl) =2, <p§?> 1, o0%2=1

@ The green (resp. orange) boxplots correspond
to N =200 (resp. N = 500).
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Applications to synthetic and real data

Neuronal data (membrane potentials) from the R package mixedsde

@ 1000 simulated (gray) and observed (black) trajectories of membrane potentials. The green
shaded area indicates the 95% prediction intervals for the simulated trajectories, providing a
range within which future observations are expected to fall.
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© Concluding remarks

[d Delattre, M. and Masuda, H. (2025),
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Concluding remarks

Summary

@ Observed data {Y;(t:;): 7=0,1,...,n; i=1,..., N}, where t;; = jh with h:=T/n from

V0 =047 (o [ ari)ds +ons [ avitonas) + VA [ v
o~ f(ri0)dr, gra~ Ny (0,5)).

Per

@ Profile and marginal quasi-likelihoods (essential for these simple forms):

n € argmaxHii(n), Hinna(n):= —*Z{Zlogsz] 1( +nlog( ZSZ yz])}

n

0, € argmax Hi2(7,0-), Hiznn(n,0 Zlogf (T3 (n); 0-),

0r

192 = (5, 2r) € argmax Ha, Ha(J2) Zlogqﬁpv (/\[ Tis ]\/4\;1 +diag(O,Er)) .

o VaN (77 = 10)
\/N(QT - 07‘,0)

~ ) and VN (U2 — ¥2,0) are asymp. normal under n* < N <n?" (0 <a’ <a” < 1).
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Concluding remarks

Agenda: Model selection issue

t t
Yi(t) =Yi(0) + (‘Pf'/ af(Xz'(S)%(S))dSJrsor,i'/ ar(Xi(S),Yz‘(S))d8>
0 0
t
+ \/77/ c(X;(8),Yi(s); m)dw;(s), i=1,...,N, t€]0,7T].
Jo
e Model-complexity and explanatory-variable/process selection

@ Sparse-type high-dimensional modeling through the Spike-and-Slab type device
@ Ongoing with the French group at INRAE (Maud Delattre, Guillaume Kon Kam King)

//
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Concluding remarks
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