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SDE with mixed effects [Picchini et al., 2010]: in general,

Yi(t) = Yi(0) +

∫ t

0

µ(Yi(s), φi)ds+

∫ t

0

σ(Yi(s), τi)dwi(s), i = 1, . . . , N.

Pharmacokinetics: references in [Donnet and Samson, 2013]), ...
Neurobiology: [Ditlevsen and Samson, 2013], ...
Epidemic dynamics prediction: [Narci et al., 2022], ...
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Underlying dynamics

Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Yi(s))ds+ φr,i ·
∫ t

0

ar(Yi(s))ds

)
+
√
τi

∫ t

0

c(Yi(s); η)dwi(s), i = 1, . . . , N, t ∈ [0, T ].

w1(·), w2(·), . . . are i.i.d. standard 1-dim. Wiener processes independent of

i.i.d. Y1(0), Y2(0), . . . such that E
[
|Y1(0)|K

]
< ∞ for every K > 0.

a(y) := (af (y), ar(y)) : R → Rpφ and c(y; η) : R×Θη → R are m’ble func’s, with η unknown.

η ∈ Θη ⊂ Rpη and φf ∈ Θφf
⊂ Rpφf are fixed-effect parameters.

(τ1, φr,1), (τ2, φr,2), · · · ∈ (0,∞)× Rpφr are i.i.d. random-effect parameters s.t.

τi and φr,i are independent.
τi ∼ f(τ ; θτ )dτ on (0,∞); θτ ∈ Θτ ⊂ Rpτ .
φr,i ∼ Npφr

(0,Σr) for a positive definite Σr ∈ Rpφr ⊗ Rpφr .
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Assumptions in brief

Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Yi(s))ds+ φr,i ·
∫ t

0

ar(Yi(s))ds

)
+
√
τi

∫ t

0

c(Yi(s); η)dwi(s), i = 1, . . . , N, t ∈ [0, T ],

τi ∼ f(τ ; θτ )dτ, φr,i ∼ Npφr
(0,Σr).

We observe {Yi(tij) : j = 0, 1, . . . , n; i = 1, . . . , N}, where tij = jh with h := T/n (fixed T ).

About (a, c): smoothness, non-degeneracy of c, moment conditions, and identifiability.

Diffusion random-effect distribution τi ∼ f(τ ; θτ )dτ :

∃Cτ > 0 max
k=0,1,2,3

max
l=0,1

sup
θτ

∣∣∣∂k
θτ ∂

l
τ log f(τ ; θτ )

∣∣∣ ≲ 1 + τCτ + τ−Cτ ;

f(τ ; θτ ) = f(τ ; θτ,0) (L(τ1)-a.e.) if and only if θτ = θτ,0;

∀θτ ∈ Θτ ∀Kτ ∈ R,
∫ ∞

0+

yKτ f(y; θτ )dy < ∞.
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Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Yi(s))ds+ φr,i ·
∫ t

0

ar(Yi(s))ds

)
+

√
τi

∫ t

0

c(Yi(s); η)dwi(s)

1 Profile quasi-likelihood for the diffusion parameters

2 Marginal quasi-likelihood for the drift parameters
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To put it simply: Multi-stage estimation procedure

Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Yi(s))ds+ φr,i ·
∫ t

0

ar(Yi(s))ds

)
+
√
τi

∫ t

0

c(Yi(s); η)dwi(s), i = 1, . . . , N, t ∈ [0, T ],

τi ∼ f(τ ; θτ )dτ, φr,i ∼ Npφr
(0,Σr).

Asymptotics for n,N → ∞ with na′ ≲ N ≲ na′′ (0 < a′ ≤ a′′ < 1)

1 Ignore the drift and focus on the “diffusion” parameter ϑ1 := (η, θτ ) ∈ Θη ×Θτ(√
nN(η̂ − η0),

√
N(θ̂τ − θτ,0)

)
L−→ Npη+pτ

(
0, diag

(
Q−1

11,0, I
−1
12

))
2 With ϑ̂1, estimate the “drift” parameter ϑ2 := (φf ,Σr) ∈ Θφf

×ΘΣr

√
N(ϑ̂2 − ϑ2,0)

L−→ Nqφ

(
0, J−1

2,0

)
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Remarks: Why stepwise?

ϑ = (ϑ1, ϑ2) ∈ argmax
∑
i

∑
j

log

∫∫
ϕ(Yi(tij); (ϑ, τi, φr,i)-func.)dP

τidPφr,i?

Possible to obtain the explicit QLF via the same concept as [Fujinaga and Masuda, 2023]:

H(1)
N,n(ϑ1) := −nN

2
log(2πh) +

nN

2
log γ − 1

2

∑
i,j

logSi,j−1(η)− λN log δ −N logKλ(δγ)

+
∑
i

logKλ−n/2

(
γ
√
δ2 +Qi(η)

)
+

1

2

(
λ− n

2

)∑
i

log
(
δ2 +Qi(η)

)
,

where Qi(η) :=
∑

j S
−1
i,j−1(η) y

2
ij .

Should be theoretically more efficient,
while the numerical optimization involves the modified Bessel function Kλ−n/2,
hence much less stable and suffers from the usual local-optimum problem,
and possible one-step improvement.
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Stage 1: Profile quasi-likelihood for diffusion parameters ϑ1 = (η, θτ )

Euler approximation (Si,j−1(η) := c2i,j−1(η), ∆jwi := wi(ti,j)− wi(ti,j−1), etc.):

Yij
ϑ
= Yi,j−1 + τi φi ·

∫
j

a(Yi(s))ds+
√
τi

∫
j

c(Yi(s); η)dwi(s)

≈ Yi,j−1 + τi φi · ai,j−1h+
√
τi ci,j−1(η)∆jwi

≈ Yi,j−1 +
√
τi ci,j−1(η)∆jwi.

Gaussian quasi-likelihood (GQLF) regarding {τi}i as a fixed effect parameter:

(η, τ1, . . . , τN ) 7→
∑
i,j

log ϕ
(
yij ;Yi,j−1, hτi Si,j−1(η)

)
.

Solve the associated quasi-likelihood eq. with respect to τ1, . . . , τN : for yij := h−1/2∆jYi,

τ̂i(η) :=
1

n

∑
j

S−1
i,j−1(η) y

2
ij , i = 1, . . . , N.
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QLF when both {Yij}i,j and {τi}i were observed:

(η, θτ ) 7→
∑
i,j

log ϕ (Yij ;Yi,j−1, hτi Si,j−1(η)) +
∑
i

log f(τi; θτ ). (2.1)

Replace τi in (2.1) by τ̂i(η) to obtain the first-stage QLF H1(ϑ1):

(η, θτ ) 7→
∑
i,j

log ϕ (Yij ;Yi,j−1, h τ̂i(η)Si,j−1(η)) +
∑
i

log f(τ̂i(η); θτ ).

The two-stage quasi-MLE ϑ̂1 = (η̂, θ̂τ ):

η̂ ∈ argmax
η

H11(η), H11,N,n(η) := −1

2

∑
i

{∑
j

logSi,j−1(η) + n log

(
1

n

∑
j

S−1
i,j−1(η) y

2
ij

)}
,

θ̂τ ∈ argmax
θτ

H12(η̂, θτ ), H12,N,n(η, θτ ) :=
∑
i

log f(τ̂i(η); θτ ).
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Stage 2: Marginal quasi-likelihood for drift parameters ϑ2 = (φf ,Σr)

The Euler approximation in this second stage:

Yij
ϑ
≈ Yi,j−1 + τi φi · ai,j−1h+

√
τi ci,j−1(η)∆jwi.

Auxiliary Gaussian quasi-likelihood of {φi} 7→
∏

i ĝi(φi), where

ĝi(φi) := exp

∑
j

log ϕ
(
Yij ;Yi,j−1 + hτ̂i φi · ai,j−1, hτ̂i Ŝi,j−1

) ,

with Ŝi,j−1 = c2i,j−1(η̂), τ̂i = τ̂i(η̂).

Then, we integrate out the variable φ1, . . . , φN with respect to the Gaussian distribution
Npφ(µ,Σ)

⊗N as if Σ = diag(O,Σr) is non-degenerate, as in [Delattre et al., 2018].
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The resulting expression: for i = 1, . . . , N ,

ϑ2 7→
∫
Rpφ

ĝi(φi)ϕpφ(φi;µ,Σ)dφi

= Ĉi det
(
M̂−1

i +Σ
)−1/2

exp

(
−1

2
(M̂−1

i v̂i − µ)⊤(M̂−1
i +Σ)−1(M̂−1

i v̂i − µ)

)
, (2.2)

where Ĉi denotes an Fi,T ∨ σ(ϑ̂1)-measurable r.v. not depending on (µ,Σ, φi), and where

M̂i := τ̂i h
∑
j

Ŝ−1
i,j−1a

⊗2
i,j−1, v̂i :=

∑
j

Ŝ−1
i,j−1ai,j−1∆jYi.

Taking the product of (2.2) for i ≤ N and then taking the logarithm, we arrive at

ϑ̂2 = (φ̂f , Σ̂r) ∈ argmaxH2, H2(ϑ2) :=
∑
i

log ϕpφ

(
M̂−1

i v̂i; µ, M̂
−1
i + diag(O,Σr)

)
.
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Simulation

Yi(t) = Yi(0)− τi

(∫ t

0

φ
(1)
f Yi(s) + φ

(2)
f√

1 + Yi(s)2
ds

+

∫ t

0

φr,iYi(s)√
1 + Yi(s)2

)
ds

+
√
τi

∫ t

0

exp(η atan(Yi(s)))dwi(s)

τi ∼ Weibull(α, λ), φr,i ∼i.i.d. N1(0, σ
2
r),

η = 0.5, α = 1, λ = 0.6,

φ
(1)
f = 2, φ

(2)
f = 1, σ2

r = 1.

The green (resp. orange) boxplots correspond
to N = 200 (resp. N = 500).

H. Masuda (Univ. of Tokyo) Quasi-likelihood for SDE with mixed effects Le Mans, Sep 17, 2026 11 / 15



Proposed model Quasi-likelihood estimation Applications to synthetic and real data Concluding remarks

Neuronal data (membrane potentials) from the R package mixedsde

1000 simulated (gray) and observed (black) trajectories of membrane potentials. The green
shaded area indicates the 95% prediction intervals for the simulated trajectories, providing a
range within which future observations are expected to fall.
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Summary

Observed data {Yi(tij) : j = 0, 1, . . . , n; i = 1, . . . , N}, where tij = jh with h := T/n from

Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Yi(s))ds+ φr,i ·
∫ t

0

ar(Yi(s))ds

)
+

√
τi

∫ t

0

c(Yi(s); η)dwi(s),

τi ∼ f(τ ; θτ )dτ, φr,i ∼ Npφr
(0,Σr).

Profile and marginal quasi-likelihoods (essential for these simple forms):

η̂ ∈ argmax
η

H11(η), H11,N,n(η) := −1

2

∑
i

{∑
j

logSi,j−1(η) + n log

(
1

n

∑
j

S−1
i,j−1(η) y

2
ij

)}
,

θ̂τ ∈ argmax
θτ

H12(η̂, θτ ), H12,N,n(η, θτ ) :=
∑
i

log f(τ̂i(η); θτ ),

ϑ̂2 = (φ̂f , Σ̂r) ∈ argmaxH2, H2(ϑ2) :=
∑
i

log ϕpφ

(
M̂−1

i v̂i; µ, M̂
−1
i + diag(O,Σr)

)
.

(√
nN(η̂ − η0)

√
N(θ̂τ − θτ,0)

)
and

√
N(ϑ̂2 − ϑ2,0) are asymp. normal under na′ ≲ N ≲ na′′ (0 < a′ ≤ a′′ < 1).
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Agenda: Model selection issue

Yi(t) = Yi(0) + τi

(
φf ·

∫ t

0

af (Xi(s), Yi(s))ds+ φr,i ·
∫ t

0

ar(Xi(s), Yi(s))ds

)
+
√
τi

∫ t

0

c(Xi(s), Yi(s); η)dwi(s), i = 1, . . . , N, t ∈ [0, T ].

Model-complexity and explanatory-variable/process selection

Sparse-type high-dimensional modeling through the Spike-and-Slab type device

Ongoing with the French group at INRAE (Maud Delattre, Guillaume Kon Kam King)

//
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