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Likelihood inference for SDE models

dX; = F(X; 0)dt + o(X;;0)dW; 6e© CRP

State space D ¢ IR?

F d-dimensional, X d x d — matrix, W d-dimensional Wiener process
Data: X(O,...,th, A,’ =1t —ti4

n
Log-likelihood function:  £,(8) = Z log pa, (X, | X, 0)

i=1

pa(-x; 0) is the transition density, i.e. density of Xa | Xo = x

Approximations of pa(-|x; 8) or dylog pa (- | x; 8) are usually needed

&
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Approximate likelihood function based on splitting schemes

Splitting schemes for simulation of SDEs: Bensoussan et al. (1992) ,
Ableidinger & Buckwar (2016), Buckwar et al. (2022) and others

Splitting schemes for inference:  Buckwar, Samson & Tamborrino (2022),
Pilipovic, Samson & Ditlevsen (2024), Fang, Spand & Tamborrino (2026)
and others

Pilipovic, Samson & Ditlevsen (2024): Approximation of pa(- | x; 6) based
on Lie-Trotter and Strang splitting scheme
dX; = F(X;; 8)dt + XdW,
Y is a d x d matrix of full rank
Rewrite the SDE:
dX; = —Wy(X; — pe)dt + N(X;; 6)dt + XdW,

where

N(x; 0) = F(x;0) + Wo(x — pg)
L
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Approximate likelihood function based on Lie-Trotter splitting
dX[ = —\U(.)(X[ - ,Ug)dt + N(Xl, g)dt + ZdWy

Splitting of X:  dX! = —Wy(X; —u,)dt + AW,  dX2 = N(XZ; 6)dt

Xt1+A = mA(Xr1 ; 9) +¢a. X12+A = fA,B(th)

where
ma(x;60) = e Yo2x 4 (Iy — e VP )y

A
En ~ Ng(0,Q4(6,%)),  Qa(6,%) = f e V(AU Ty TV (AU gy
0

(4

PY
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Approximate likelihood function based on Lie-Trotter splitting
dX[ = —\U(.)(X[ - ,Ug)dt + N(Xl, g)dt + ZdWy

Splitting of X:  dX! = —Wy(X; —u,)dt + AW,  dX2 = N(XZ; 6)dt

Xt1+A = mA(Xt1;9) +¢a. X12+A = fA,e(th)

where
ma(x;60) = e Yo2x 4 (Iy — e VP )y

A
En ~ Ng(0,Q4(6,%)),  Qa(6,%) = f e V(AU Ty TV (AU gy
0

Lie-Trotter scheme: X, = ma(fao(X{T);6)) +éa

(4
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Approximate likelihood function based on Lie-Trotter splitting
dX[ = —\Ug(X[ - ,Ug)dt + N(X(, g)dt + ZdWy

Splitting of X:  dX! = —Wy(X; —u,)dt + AW,  dX2 = N(XZ; 6)dt

Xt1+A = mA(Xt1;9) +¢a. X12+A = fA,e(th)

where
ma(x;60) = e Yo2x 4 (Iy — e VP )y

A
En ~ Ng(0,Q4(6,%)),  Qa(6,%) = f e V(AU Ty TV (AU gy
0

Lie-Trotter scheme: X, = ma(fao(X{T);6)) +éa

Lie-Trotter splitting approximate log-likelihood:

€57(6, ) = — 2 log det Q,,(6, X)
n

_% Z(Xfi - mAf(fAi.G(XfM ); 9))TQA:‘(9’ ):)_1 (Xfi - mAi(fAiﬂ(XfM ); 0))

= .%

PY
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Approximate likelihood function based on Strang splitting
dX[ = —\UH(X[ - ,llg)dt + N(X{; g)dt + ZdW[
dX! = —Wo(X! — p)dt + TdW,,  dX? = N(XZ; 0)dt

Xt1+A = mA(Xt1 ) ‘9) +én, Xf2+A = fA,H(th)

Strang scheme: XS , = fajz.0 (Ma(fajze(XP): 6)) +éa)

t+

Strang splitting approximate log-likelihood:

£3(0,%) =
n n
~Zlogdet Qa,(6,%) — 3 > Zi(6)"2a,(6,T)7'Z(6) + D log| det D fa,j0(X,)|
i=1 i=1
where Z,'(@) = A:/z,e(xfi) - mAi(fAi/ng(Xtiq ); 9) %
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State dependent diffusion coefficient
dX; = F(X;; 8)dt 4+ X(X;; 6)dW,

dX; = b(X;;0)dt + S(X/:0)aW,,  dX2 = N(XZ; 0)dt

where N(x;6) = F(x;6) - b(x;8)

©
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State dependent diffusion coefficient
dX; = F(X;; 8)dt 4+ X(X;; 6)dW,

dX; = b(X;;0)dt + S(X/:0)aW,,  dX2 = N(XZ; 0)dt

where N(x; ) = F(x;6) — b(x; 6)

Generator of X': g y
1
Lof(x) = Z Bi(x. 0)df(x) + 5 Z Vi(x,0)02 (),
i= ij=

where f : D — R is twice differentiable and V(x; 8) = £(x; 0)X(x; 6)"

b is chosen such that we can find explicit eigenfunctions and eigenvalues
bjg» Aip>0,j=1,....m,
of the generator of X". Specifically,

Logig = —Ajej0

&
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Martingale estimating functions for X'
Kessler & Sgrensen (1999) (d = 1):
Under weak regularity conditions
Gn(6) = Zn]g(ti — i1, X0, X, 0),
with h
9(A.y.x.0) Z 30( A, %) [910(y) — €752 9;4(x)]
is a martingale estimating function for X', i.e.forall A >0,x € D,0€ ©

Eo(g(A, X3, x,0) | X3 =x) =0

0, is called a G,-estimator if P(Gn(6,) =0) —» 1asn — oo %

L
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Martingale estimating functions for X'

The martingale property of

n m
Gn(0) = > > @ja(ti = ti, X)) [10(X]) — 757 0g (X )|

i=1 j=1

holds for multivariate diffusions under the condition

t
f Eo (Vo0 (X)) TV(XI)Vy0(XL")) ds < o forall joand t >0
0

V¢, is the gradient of ¢;4 and V(x; 0) = X(x; 6)X(x;6)"

&

e
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Approximate score function for X based on LT-splitting
Ditlevsen, Samson & Sgrensen (2026)
dx;! = b(X/; 0)dt + Z(X;; 6)dW,
Xt1+A = ‘pA,B(X:) Xt2+A = fA.G(XtZ)

Martingale estimating function/approximate score for X' (t; = iA)

Gn(6) = D D" @a(A XL [910(X]) — €992 y0(X])]

i= j=1

Lie-Trotter scheme: X\, = ¢ng 0 fao(X{T)

Approximate score function for X based on Lie-Trotter splitting

Gy (6) = ZZa,e(A X)) [@0(XT) — e 52 y0(fa o(X())]

i=1 j=

&
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Approximate score function for X based on Strang splitting
Ditlevsen, Samson & Sgrensen (2026)

dX; = b(X!;0)dt + (X ; 6)dW;
Xt1+A = ‘PA,H(XD X12+A = fA,B(XtZ)

Strang scheme: XtS+A = fa/2.0© @ng © faje.o(XS)

Martingale estimating function/approximate score for Y; = fa 2 o(X;'):

Cin(0) = Z Z aio(D. Yi,) [dro(Farze(Yy) — €750 0a(farz( Vi, )]

i=1 j=

falo.o(X) = fns.6(X)

Approximate score function for X based on Strang splitting:

Gr(0) = ZZaIG(A X2 ) [Bro(f-a2.00%)) = €52 gjo(fare.o(X5 )]

i=1 j=

&
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Approximate martingale estimating function

Gn(0) = " a(Bi Xi Xi.,;6)

i=1

is called an approximate martingale function of order « > 2 if

Eo (9(A, Xa, x;0)| Xo = x) = O(A*) forall A>0,xeD,0€©

Theorem

GLT is an approximate martingale estimating function of order 2

G§ is an approximate martingale estimating function of order 3

Follows from Lemma 2.4 in Sgrensen (2024)

e
\d
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Approximate martingale estimating functions

Lemma 2.4 in Sgrensen (2024)

Under smoothness and polynomial growth conditions on the functions
g, Fand X,

Gn(0) = " a(Ai Xi Xi.,:60)

i=1
is an approximate martingale estimating function of order « > 2 if and only
if
k

Z( )Lk" D(@)(x.x) =0, k=0,....k=1,i=1,....p

IS
forallx e Dand 0 € ©

d
L@@ ) = " Fly:0)0, 6y, . 0)+ 5 Z Vie(y: 008, ,,9, (v.x:0)

k=1 k(=1

g (y.x;6) = #,9(0.y, x; 0)
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Pearson diffusions
dXt = —l//g(X —,ng)dt + Z(Xt)th, V(X) = Z(X)Z(X)T

Vi(xX) = Smea Y0x™, iij=1,....d, ¥ =y

m=(mi,....ks) €N, |m| = ki + -+ kg, ck € R and x¥ = x} ... x!

The generator maps polynomials of order n into polynomials of order n

d=1 Wong(1964), Forman & Sgrensen (2008)

Ornstein-Uhlenbeck process

skew t process (Pearson’s type 1V)

square root process (CIR)

inverse gamma diffusion (mean-reverting GBM, GARCH-diffusion)
F diffusion

Jacoby diffusion

Generalizations to the multivariate case:

Cuchiero, Keller-Ressel & Teichmann (2012) (polynomial processes)
Filipovi¢ & Larsson (2016) (polynomial diffusions)

Transformations of Pearson diffusions L

\d
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High frequency asymptotics: optimal rate, Fisher information
We assume that 0 = (a,8) € ©1 X ©,, ©; CR” (p = p; + po), and that

is ergodic with invariant density v,.

We consider the high frequency/infinite horizon asymptotic scenario

n — oo, A, — 0, nA, - o«

Gobet (2002): The model is LAN. Under P,z optimal rate of convergence
is

1
an—-a = O ( )
F VnA

=
S
|
=
I

O (%) %

\d
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High frequency asymptotics: rate optimality and efficiency
High frequency/infinite horizon asymptotic scenario

n — oo, A, — 0, nA, - o

Gobet (2002): Under P, 4 the Fisher information is
i1 (Q’,ﬁ) 0
0 ig(Q,ﬁ)

if(a,B) = ﬁ Bab(X; @) V(X; B) 00 b(X; @)Vvap(x)dx

where

bah) = fD Bpvec (V(x; B))TVE2(x: B) " dprvec (V(x; B))vas(X)x

vec(V) = (V11, V2Y1, ey Vd—1,d’ Vdd)T € IRd2

® tensor/Kronecker product, V2 is a d? x d?-matrix .%

\d
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Conditions ensuring rate optimality and efficiency

High frequency/infinite horizon asymptotic scenario

n — oo, A, — 0, nA, -

>

GII;T(H) = Z Z ajH(A Xt 1) ¢16(XLT) e_A}gA‘ﬁ/G(fA B(Xt, 1))]

i=1 j=

n m

Z Z 3o(D, X7 ) [0(F-a2.0(X0)) — €52 da(fare.a(X: )]

i=1 j=1

The following condition from Sgrensen (2024) on the weights
ajo(A, x) = (@1j0(A, X), ..., a50(A, x))7 ensure rate optimality and
efficiency for both G™ and GS.

&

e
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Conditions ensuring rate optimality and efficiency

Condition 1

The weight functions aj,5 = (@1jas. - --»apep) satisfy the following for all
(a,B) € ©1 X ©, and for all x € D:

m
Za;j,aﬁ(o,x)ax(pmﬁ(x) 0, = p1 + 1,...,p,

j=1

Za,,aﬁ (0. X)x06(x)

V(X;ﬁ)_18ai F(x; @),

= 1,..., P1,
m
D A +njas(0. X)vec (85 drap(x) = V(x:B) vec (9 V(x:h))
j=1
i=1,....,p2
P+ djap(x) is the Hessian of ¢j,4(X)
A solution exists if m > d(d + 3)/2
For d = 1, a solution exists if m > 2 ®
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High frequency asymptotics: normality and efficiency
Theorems 3.2, 4.1 and 4.4 in Sgrensen (2024) imply the following result

6o = (o, Bo) denotes the true parameter value

Theorem

Suppose Condition 1 holds (+ regularity conditions, including ij(6,) > O,
j = 1,2, smoothness, integrability and polynomial growth). Assume,
moreover, that the following identifyability condition holds

f [F(x; ) = F(x; @) V(x: B)dar F(X; a)vgy (x)dx %0, when a # ag

f vec (V(x; o) — V(x; 8))" VE2(x; B) " dgrvec (V(x; B)) ve, (x)dx # 0
D

when B # Bo

Then with a probability that goes to one as n — oo, a consistent
GLT-estimator (a4, 87 and a consistent GS-estimator (45, 35) exist and
both are unique in any compact subset K of © with 6, € intK.
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High frequency asymptotics: normality and efficiency

Theorem (continued)

Moreover, if nA* — 0,

( \/n_A,,(&f—a'o) ) D N << 0) ( i1(61'0,ﬂ0)_1 0 ))
V(B3 - Bo) g o)’ 0 i2 (@0, 80) ™"

The stronger assumption nA? — 0 is needed to obtain asymptotic
normality for the G.T-estimator:

( VnA L (G — ap) ) 2N (( 0) ( i1 (0, B0) ™ 0 ))
V(B - Bo) ? o)’ 0 io (o, B0)™"
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